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EGF H$I/JK$L:HNM�HNLOL�P,HRQOSRTUK�VWVOXDV�LYTUP[ZRQ
S \D]:^ HNLOL�L:_RM*Ja`bVWV�X�V�LYTcPdZNQ

S ′
F�eTcLOL:HfV�XDVOLYTcPdQOgGQ

VihjMaPkTUl ^ HRVOLihmM ^ TcLYTcK
v

QOTUnoHpLYhjqrL
S s TUnjnmTUQ�TcSrqDhtqRHNnmTUK$L

S
QigGQ�VihjMfPkTUl ^ HRV�LYhmM ^ TcLiTUK −vQiTcnoHNLihjqrL

S ′
Fvu2_RMxw`yV ^ HRV�LYhmM ^ TcL
z&nmhjQ!l5_ −v P,ZNLiL{h

S
Fvu2_RMxw`yV ^ HRV�LYhmM ^ TcL{h

S ′ | _RVl5_ | QY_RK}VYHNP,P,HRK&ViZNLiLiK&hmK&MRVinoHNMGTUK | gRQ!~5HRQYHNnmnmTcnmnmH ^ HRV�LYhjM ^ TcLiTUQc�
w =

−v − v
1 + (−v)2/c2

= − 2v

1 + v2/c2

z6I}��ZRK&MGl&TcK | _NV{l�hmQiTcS$L | QY_RK | \ QOP,TcnmK | gGQ!nmZRK&MGl&S \ K$LYQiHRS$LYh \ K���P,Tcl ^ HRVOLihmM ^ TcLYTcK
w

I(�

l′ = l0/γw = l0
√

1− w2/c2 = . . . = l0
1− v2/c2

1 + v2/c2

] I}��gGQ!HpLiL ^ TcnjL2~5HNViViTcQYH�L:_NM�w�P,_RV�LYTLY_RM�J�QigGQiH�VihjM�VihmK�TcMGTUK�noZNK&MGl}��HRK&l&QiHaL:_RMGT(LYV
noZRK�MGl���V \ P�l&T(LfP,ZNLiTUV�h�L:_NM�Ja`bV*V�XDVOLYTcP s S ′ I�Fk��TUl�l&TUK�QiTcnoHNLihjqNH ^ HNVOLYhjM ^ T(LYTUK

wz&nmhjQv~5HRVOViTcQOLYhjl&TUK

T =
l0 + l0

1−v2/c2

1+v2/c2

w
=
l0
(
1 + 1−v2/c2

1+v2/c2

)
(1 + v2/c2)

2v
=
l0
v��F H$I}��TUl�X$��Hp��TUnjK}�&~&~5_NL | _RV ^ HRVOLihmM ^ T(LYTcK \D]:^ QOgGQiTcnmVOTUP,ZRK&MGl&TcK}h���QOTcLYHRV2VOXDVOLiTUP��

� = 0.7c

(
1√
2
,

1√
2
, 0

) �
= m0γv

(
0.7c√

2
,

0.7c√
2
, 0

)

� gRQiTUnjViTcPxZRK�MGl&TUK}V \ P | XDQOqRTUS$L \ Qc�

p = m0γv

(
0.7c√

2
,
0.7c√

2
, 0, ic

)

� �&K�TUQihjViSpH�qRZNQil&TcK �
m0 = 2

SrM s γv = 1/
√

1− 0.72 ¡ 1/
√

0.51
�

p =
2√
0.51

(
0.7c√

2
,

0.7c√
2
, 0, ic

)
≈ (1.4, 1.4, 0, 2.8i)c kg

l5ZRQ!qDh�M=¢ \ QOL!TcK�MGQ \ q��&~&~&VOSpHNLiLiK&hmK&M���LYHRK�HNLiL{HRK$qNZRK&l&HkQiZRSrK5HRQiTNF
z6I�£#¤
HRK&V�V�X�V�LYTcP���u¥QYHRK&V | \ QiPkTUQiH | XDQOqGTcS$L \ QOKfLYhjnmn¦TcLOL�VOXDVOLiTUP�V \ P§QOgGQ VihjM!P,Tcl ^ HRVOLihmM ^ TcLYTcK

u = 0.5c
�

p′ = Λ(u)p = m0γv




γu 0 0 i(u/c)γu
0 1 0 0
0 0 1 0

−i(u/c)γu 0 0 γu







v/
√

2

v/
√

2
0
ic




¨ h | _RQ!l&_��
p′ = m0γv

(
γu

(
v√
2
− u

)
,
v√
2
, 0, icγu

(
1− uv

c2
√

2

))

¤ZRQ2M$ZNnmnmTcQU�
γu = 1/

√
1− 0.52 = 2/

√
3

��g=qDQihjM$H�qRZNQil&TcK�TcK&nmhjMRL \ qNHRK6I�F
��TUl�LYhjnmnmMG_RK&MfLihmnjn©QiZRSrK5HRQiT | _RV

p′ ≈ (−0.016, 1.39, 0, 2.43i)c kg



ª�F
y = cos(ωt− kx)

��E¦I
� \ QiTUK$Li«cLYQiHRK&V | \ QiP,HNLYh \ K&TcK �

x = γ(x′ + ut′), t = γ(t′ + (u/c2)x′)

¨ h | _RQ!l&_

y′ = cos(ωγ(t′ + (u/c2)x′)− kγ(x′ + ut′)) = cos
(
t′γ(ω − ku)− x′γ(k − uω

c2

)

l5ZRQvqDh�VYHRPknoHpL
t′ \�]:^ x′ LYTUQOP,TcQiK5H�h�HRK�l&QYH�nmTcl&TcL2Vi_,HpLiL!qDh�SpHRK�L \ nmSpH��

ω′ =
ω − ku√
1− u2/c2

, k′ =
k − ω(u/c2)√

1− u2/c2

¨ h | _RQ!Kr� ^ HRV�LYhmM ^ TcLiTUK
v′

V \ P s
v′ = λ′f ′ = ω′/k′ =

ω − ku
k − ω(u/c2)

=
ω/k − u

1− ω/k(u/c2)
=

v − u
1− vu/c2

,

q�hjnmSNTcL{ZRQ!l&TcK�VOgGS$L:H�QiTcnoHNLih \ K&TcK/qDhml}VYHRPkP,HRP,ViZNLiLiK&hmK�M�H¬q�~5HRQiHRnmnjTUnmnmH ^ HNVOLYhjM ^ T(LYTUQcF
 F � HR~�hml&hjl�LYT(LYTUK�l�Tc®5K&hjTUQiHRV | QY_RK

cosh ϑ = γ och sinh ϑ =
u

c
γ, γ =

1√
1− (u/c)2

¤ZRQO�&Q | gGn¯¢OTcQU�
u/c = tanhϑ =

exp(ϑ)− exp(−ϑ)

exp(ϑ) + exp(−ϑ)¨ h SpHRK�Kr��nmZNLiL!njgGVYH���L
exp(ϑ)

h
u/c

F�°�ZNLiL
s = exp(ϑ) | gRQ2HNLiL | _�PkhmK&l&QOT�HNLiL2VOSrQihjqNH��

u/c =
s− 1/s

s+ 1/s
=⇒ s2 =

1 + u/c

1− u/c = exp(2ϑ) =⇒ ϑ =
1

2
ln

1 + u/c

1− u/c
u±QiHRK&V | \ QiP,HNLYh \ K&TUK | Qi_RK S Lihmnmn

S ′
z8TUVOSrQihjqDV{H¬q/LYQiHRK&V | \ QiP,HNLYh \ K&VOPxHNLiQihjViTUK#�

V =




cosh ϑ 0 0 − sinhϑ
0 1 0 0
0 0 1 0

− sinh ϑ 0 0 cosh ϑ




JK5HRn \ MRL | gRQvLYQYHNK&V | \ QOPxHpLYh \ K&TUK | Qi_RK S ′ Lihmnjn S ′′ �

V ′ =




coshϑ′ 0 0 − sinh ϑ′

0 1 0 0
0 0 1 0

− sinh ϑ′ 0 0 coshϑ′




l5ZRQ
cosh ϑ′ = γ′ och sinh ϑ =

u′

c
γ′, γ′ =

1√
1− (u′/c)2



u±QiHRK&V | \ QiP,HNLYh \ K&TUK | Qi_RK S Lihmnmn
S ′′

z©TcViSrQihtq�V2Kr�?H¬q/LiQYHRK�V | \ QOPxHNLih \ K�ViP,HNLYQOhmViTcK �

W = V ′V =




cosh ϑ′ 0 0 − sinhϑ′

0 1 0 0
0 0 1 0

− sinhϑ′ 0 0 cosh ϑ′


 ·




cosh ϑ 0 0 − sinhϑ
0 1 0 0
0 0 1 0

− sinhϑ 0 0 cosh ϑ




¨ h | _RQ!l&_

W =




coshϑ′ coshϑ + sinhϑ′ sinhϑ 0 0 − cosh ϑ′ sinh ϑ− sinhϑ′ coshϑ
0 1 0 0
0 0 1 0

− sinh ϑ′ coshϑ− coshϑ′ sinh ϑ 0 0 sinh ϑ′ sinh ϑ+ cosh ϑ′ coshϑ




¨ h ��LiK$XDLOL�¢iHRQ2Kr� | \ QiPknmTcQiK5H | \ Q cosh(ϑ+ η) \�]:^ sinh(ϑ + η)

W =




cosh(ϑ+ ϑ′) 0 0 − sinh(ϑ + ϑ′)
0 1 0 0
0 0 1 0

− sinh(ϑ + ϑ′) 0 0 cosh(ϑ+ ϑ′)




q�hjnmSNTcL�qDhmViHRQ}HNLiL \ P LiqN_²LYQYHNK&V | \ QOPxHpLYh \ K&TUQ/l�Tc®5K&hjTUQiHRV�H=q³QYHR~&hjl&hjLiTcLiTUQiK&H
ϑ \D]:^ ϑ′

VY_
l&Tc®5K�hmTUQiHRV�l&TUK*VYHNP,P,HRK&ViHNLiLYHWLYQYHNK&V | \ QOPxHpLYh \ K&TUK�H¬q

ϑ+ϑ′ s l�qDV s QYHN~&hml&htLYT(LYTUK�ZNQ±HNl&l&hjLYHNLYhtq8F
´�F{µ�Q \ z&njTUPkTcL!njgGViTcV!TUK&SrnoHNVOL2MGTcK \ P¶HpLiL!��LiK$XDLOL�¢iHkHNLiLvViSpHRnoZNQi~&Q \ l&��SrLiTUK}PkTUnmnmHRK | XDQOqRTUS$L \ QiTUQZRQ!hmK$qNHRQihmHRK$L¬�

pa · pb = p′a · p′b
F�£WnmHRz&VOXDV�LYTUPkTcLU�

pa = (pa, i
W

c
), pb = (pb, i

W

c
)

· | LiTUQOV \ P¸z8TUn \ ~&~8TcLfH¬q�qNHRQOl&TUQiH
pa \�]:^ pa

MGTcVaH¬q
p \�]:^ qDhmn \ PxHRVOVYHRK�ZRQ�SpZRK&l s SpHRK¹qDh

noZNLOL�z©TcQYZRSrK5H}TUK�TUQiMRhmK | gGQºqNHRQ \�]:^ TcK»H¬q¼l&T�z5_Rl&H}~�Q \ L \ K&TUQOK5H��
W 2 = m2

pc
4 + p2c2 F�£

Hp� ~&Q \ L \ K&TUK&VvqDhjn \ V�X�V�LYTcP¶M$ZRnjnmTUQc�
p′a = (0, impc), p′b = (p′b, i

W ′
b

c
)

£ KrqNHRQOhoHRK�ViTUK�H¬q�ViSpHRnmZRQi~�Q \ l&�&S$LYTcK�MRTUQ2Kr� �
pa · pb = pa · pb −W 2/c2 = p′a · p′b = −mpW

′
beTcL{M$ZRnjnmTcQU�

pa · pb = p2 cos(180− α) = −p2 cos(α)
F���TUl

W
TcK&nmhjMRL \ qNHRK | _RV!l5_��

−p2 cosα− (m2
pc

4 + p2c2)/c2 = −mpW
′
b =⇒ W ′

b =
1

mp

(
m2
pc

2 + p2 (1 + cos(α))
)

½ ~&~&MRh | L2H$I s α = 0 s | _RV!V \ P¾TcLiL{VO~©T ] hoHNn | HRnjn
W ′
b =

1

mp

(
m2
pc

2 + 2p2
)

¨ h�VOTUQ \D] SrVY_}HNLiL | gGQ α = 180◦ | _NV W ′
b = mpc

2 s qDhmnjSRTcLºVOL:ZNP,PkTUQºT | LYTcQiV \ P�z¼l5_/njhmMGMGTcQ
VOLYhjnmnmHah�H�`bV!q�hjn \ V�XDVOLYTcP�F
° \ P¿TcLOL�HRnjLiTUQiK&HNLYhtq�SpHRK,P,HRK \�] SrVi_a��LYK$XrLiL�¢iHaHNLOL�z©Tcn \ ~&~8TcL�H¬q�L \ LYHRnoH | XDQ�qGTUS$L \ QiK pa +pbZRQ!hmK$qNHRQihmHRK$L s q�hjnmSNTcL2MGTcQ2qNZRVOTUK$LYnjhmMGTcK}VYHRPkPxH}� | HRVOL2K&_RM \ L2nmZRK&MGQOT=IWnmgRViK&hjK&M&F
eTcL�ZRQ \D] SrVY_²Pkgp¢OnmhjMRL/HpLiL}nmgRVYH»�&~&~�MGh | L}HGI,MGTUK \ P HNLOL}z©TcVOLYZRP,P,H

v | QY_RK p \�]:^ W
\�]:^ ViTcl5HRKÀz©TcVOL:ZNP,P,H²z `yV ^ HNVOLYhjM ^ T(L}h�H�`yV�qDhmn \ VOXDV�LYTUP | QY_RKÀHRl&l�hjLYh \ K�H¬q ^ HRV�LYhjM ^ TcLiTUQ
\�]:^ l5ZRQOT | LiTUQ W = mvc

2 s PkTUKÀl&TUK&K&HÁnjgGViK&hjK&M²nmTcl&TUQ/LihmnjnPaX ] SRT(LÂnmZRK&MGQOT¼QYZRSrK&hjK&M$HRQcF
� \ LYV�qNHRQYHRK�l&T�nmgGVOK&hmK&M�~&_���~&~&MGh | L2z6I | gGQiT | HRnmnjTUQ�qNZRVOTUTcKrLinmhjMGTUKÃ` \ P,g¦¢OnmhmM�`jF


