
Nuclear Structure Theory Notes

A. Idini



Contents

Lecture 4. Second Quantization and nuclear shell model 3
1. Reminder of Quantum Mechanics 3
2. Second Quantization 9
3. The nuclear shell model 13
4. Many–particle systems 16

Lecture 11. Green’s function formalism 20
1. Green’s function and Feynman diagrams 23
2. Dressed Green’s function and Dyson equation 26

Appendix A. Particle Vibration Coupling with Separable Interaction 34

Appendix. Bibliography 36

2



LECTURE 4

Second Quantization and nuclear shell model

1. Reminder of Quantum Mechanics

1.1. The Mathematics of first quantization.
1.1.1. Vector Space. Quantum mechanics is a theory for the description of the statistical behavior

of microscopic entities. It defines physical states in a sesquilinear form of a vector space H on the field
of complex numbers, also known as Hilbert space. ket |a〉 ∈ H or bra 〈b| ∈ H∗ (dual space) [1].

Properties of vector spaces:

• addition: |a〉+ |b〉 = |c〉
• scalar product: α|a〉 = |a〉α with α ∈ C
• inner product: 〈b|a〉 = α with α ∈ C
• the inner product is sesquilinear, in other words linear in |a〉 and anti-linear in 〈b|: 〈b|a+αc〉 =
〈b|a〉+ α〈b|c〉, and 〈b|a〉 = 〈a|b〉∗
• and doing so it defines a norm for the vector: 〈a|a〉 = ||a||2 = x ≥ 0, with x ∈ R

1.1.2. Basis. orthornormal basis {|n〉} = {|1〉, |2〉, . . . , |N〉} it is an orthonormal basis for the
vector space V if ∀|n〉, |m〉 ∈ {|n〉} ⇒ |n〉 ∈ V , 〈n|n〉 = 1, 〈m|n〉 = 0 (normalized and orthogonal), and

∀|a〉 ∈ V ⇒ |a〉 =
∑N

n=1 cn|n〉 (complete basis)
1.1.3. Operators. Mathematically operators act on a vector, mapping it from a vector space to

another. In Quantum Mechanics operators are linear ((X+αY )|a〉 = X|a〉+αY |a〉) and associative.
In general X|a〉 = |b〉, with |a〉 ∈ V and |b〉 ∈W ,

(1) X := |b〉〈a|,
and if we consider a physical state |a〉 with norm 1

(2) X|a〉 = 〈a|a〉|b〉 = |b〉.

(3) 〈m|X|n〉 := Xmn ∈ C

(4) X|a〉 = |b〉 ⇔ 〈a|X† = 〈b|, with|b〉 ∈Wand〈b| ∈W ∗,

(5) (X†)nn′ = X∗n′n

(6) (XY )† = Y †X†

X|x〉 = x|x〉, x ∈ C eigenvalue, |x〉 ∈ V eigenvector.
Linear operators which satisfy A† = A are called Hermitian, and have real eigenvalues.

(7) A =
∑

n

an|n〉〈n|, an ∈ R

3
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Linear operators which satisfy UU † = 1 ⇒ U † = U−1 are called unitary (||Ua||2 = 〈a|U †U |a〉 =
||a||).

Linear operators which satisfy P 2 = P (idempotency) and are Hermitian, are called orthogonal

projectors. P1|a〉 = |a1〉 ∈ V1 ⊂ V and 〈b|P †1 (|a〉−P1|a〉) = 0. In the Dirac notation: P1 =
∑N1

i=1 |i〉〈i|
where i = 1 . . . N1 are a subset of the orthonormal basis.

If the case V1 ≡ V , PV =
∑N

n=1 |n〉〈n| ≡ I is the identity operator.
Density operator: ρ =

∑
i pi|ψi〉〈ψi|, pi = |〈ψi|a〉|2 probability of |ψi〉 in state |a〉, |ψi〉 is

normalized and
∑

i pi = 1

(8) 〈A〉 =
∑

i

pi〈ψi|A|ψi〉 = Tr[ρA]

1.1.4. Tensor Products. |φ〉1 =
∑
an|n〉 ∈ HN 1, |〉χ2 =

∑
cm|m〉 ∈ HM2 Define the tensor

products of spaces |φ1 ⊗ χ2〉 := |φχ〉12 =
∑

n,m ancm|n⊗m〉12 ∈ HN 1 ⊗HM2 with dimension N ·M ,
is the space of two interacting quantum systems.

(9) 〈n⊗m|n′ ⊗m′〉12 = δm,m′δn,n′ .

If A|φ1〉 = a|φ1〉,

(10) ⇒ A|φχ〉12 = a|φχ〉12.

Two–body Density Matrix

(11) ρ12 = ρ1 ⊗ ρ2 =
∑

i,j

pipj |φiχj〉12 12〈φiχj |

(12) ρ1 = Tr2[ρ12] =
∑

m

〈m|ρ12|m〉

1.1.5. Coordinates. An infinite dimensional (with uncountable cardinality) Hilbert space H , is
used to represent quantum state that vary in a continuous spectrum, most importantly r and k. The
inner product makes use of integrals over wavefunctions and operator which are defined in the sense
of the distributions.

Coordinate |r〉 and momentum |k〉 representations.

r̂|r〉 = r|r〉(13)

p̂|k〉 = k|k〉(14)

p̂|r〉 = −i~ d

dr
|r〉(15)

r̂|k〉 = − 1

i~
d

dk
|k〉(16)

(17) 〈r|k〉 =
1√
2π~

e
i
~r·k
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1.1.6. Variational Principle. Let’s consider |ψλ〉 eigenvectors of Ĥ, with eigenvalue λ Ĥ |ψλ〉 =
λ |ψλ〉 , forms an orthonormal set

∑
λ1,λ2
〈ψλ1 | ψλ2〉 = δλ1λ2

Expectation value of h is then given by

〈ψ | H | ψ〉 =
∑

λ1,λ2

〈ψ|ψλ1〉 〈ψλ1 |H|ψλ2〉 〈ψλ2 |ψ〉(18)

=
∑

λ

λ |〈ψλ | ψ〉|2 ≥
∑

λ∈Spec(H)

E0 |〈ψλ | ψ〉|2 = E0(19)

so if we minimize E0 we find the exact expectation value of the Hamiltonian.

1.2. Schroedinger equation.
1.2.1. Time dependent and independent Schroedinger Equation.

(20) ĤΨ(r, t) = i~
∂

∂t
Ψ(r, t),

(21)

[−~2

2µ
∇2 + V (r, t)

]
Ψ(r, t) = i~

∂

∂t
Ψ(r, t).

If H is time independent than the time evolution and the coordinate evolution are separable.

(22) Ĥ(r)Ψ(r) = EΨ(r),

with H defined as

(23)

[−~2

2µ
∇2 + V (r)

]
Ψ(r) = EΨ(r).

1.2.2. Solutions of time independent Schroedinger equations for notable potentials.
Free particle Schroedinger equation.

One dimensional case r→ x
V (r) = 0⇒ H = T

(24) Ĥψ = Eψ

(25)
−~2

2m

d

dx
ψ(x) = Eψ(x)

(26) ψ(x) = eikx; k =

√
2mE

~
Square well.

(27) V (x) =

{
−V0 −a/2 < x < a/2
0 |x| > a/2
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if E < 0,

ψ(x) = A sin(k0x) +B cos(k0x); k0 =

√
2m(E + V0)

~
|x| < a − V0 < E < 0(28)

ψ(x) = Cekx +De−kx; k = −
√

2m(E)

~
x > a E < 0(29)

ψ(x) = Eekx + Fe−kx; k = −
√

2m(E)

~
x < −a E < 0(30)

with k =
√

2mE/~, and k0 =
√

2m(E + V0)/~. Since ψ(x) ∈ L2, ⇒ C = F = 0 for rinormalizability.

Theorem 1. If the potential is symmetric, so that V (x) = V (−x), then ψ(x) can be taken as
either even or odd.

for ψ(x) odd B = 0, D = −F ψ(x) ∈ C, so we apply matching conditions for ψ(x) and ψ′(x).

(31) k = − k0

tan(k0a)
.

if E > 0, means that also for |x| > a I have positive eigenvalue, so the eigenfunction must be also
trigonometric,

ψ(x) = Asin(k0x) +Bcos(k0x); k0 =

√
2m(E + V0)

~
|x| < a/2 − V0 < E < 0(32)

ψ(x) = Csin(kx+ φ) +Dcos(kx+ φ); k =

√
2m(E)

~
x > a/2 E > 0(33)

ψ(x) = Esin(kx+ φ) + F cos(kx+ φ); k =

√
2m(E)

~
x > a/2 E > 0(34)

(35)

again I choose to solve the odd case, implying B = D = F . Note the phase factor φ between the
solution inside and outside the well.

using the same technique of matching conditions one obtains,

(36)
tg(ka+ φ)

k
=

tg(k0a+ φ)

k0

which has solutions for every k, thus every E defining a continuous energy spectrum. Note that, φ is
univocally determined,

(37) φ = arctg

(
k

k0
tg(k0a+ φ)

)
− ka,

and is related to the phase shift.
Moreover considering the matching conditions at ψ(a),

(38)
A

E
=

sin(ka+ φ)

sin(k0a)

implying that for sin(k0a) → 0, the wavefunction inside the well becomes increasingly important
respect to the ones outside defining a resonance for k0a = nπ (Fabry-Perot cavity rule), or En =
(n~π)2

2ma2
− V0
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if I put this square well in a box of length L (or infinite potential well), I have an additional
boundary condition that is ψ(±L) = 0, implying

(39) ⇒ sin(ka+ φ) = 0⇒ En =
~2

2m

(nπ
L

+ φ
)2
.

that is not as easy as it seems (remember that φ is the solution of a trascendent equation function of
k and k0), but recovers the previous solution for L >> a.

Harmonic Oscillator.

The 1 dimensional harmonic oscillator

(40) V =
1

2
mω2x2,

have solutions with eigenfunctions

(41) ψn(x) =
1√

2n n!
·
(mω
π~

)1/4
· e−mωx

2

2~ ·Hn

(√
mω

~
x

)
,

with Hn(x) are Hermite polinomials

(42) Hn(z) = (−1)n ex
2 dn

dxn

(
e−x

2
)
,

and eigenvalues

(43) En = ~ω
(
n+

1

2

)
,

with n = 0, 1, 2, . . . the quantum number.
The three dimensional isotropic harmonic oscillator,

(44) V =
1

2
mω2r2

is easy to solve considering r2 = x2 + y2 + z2 that gives three independent 1D harmonic oscillators,
since the potential is separable thus the solution is factorizable.

Solving the system in spherical coordinates we use the angular momentum operator L̂ = r̂× p̂. A
central potential is separable in central and angular part, since

(45) L̂2|r〉 = −~2

[
1

sin2θ

∂2

∂φ2
+

1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)]
|r〉

that is proportional to angular part of the Laplace operator ∆, corresponding to the operator part of
p̂2, in spherical coordinates.

(46) ⇒ p̂2 = −~2

(
∂2

∂r2
+

2

r

∂

∂r

)
+
L̂2

r2
:= p̂2

r +
L̂2

r2

Eigenfunctions of L̂ are called spherical harmonics that in spherical coordinates are written as
Y l
m(θ, φ). L̂z|l,m〉 = ~m|l,m〉 and L̂2|l,m〉 = ~2l(l+ 1)|l,m〉. In rotationally invariant systems energy

cannot depend from Li. For a given central interaction,

(47) ⇒ H =
p̂2
r

2m
+

L̂2

2mr2
+ V (r)
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we have a system that is separable r and Ω (solid angle), thus its eigensolutions have to be factorized

in in eigenfunctions of p̂2r
2m + V (r), that we call the radial part as φ(r), and L̂2

2mr2
that is the angular

part and are the spherical harmonics.
The solutions for 44 are

(48) Enl = ~ω
(

2n+ l +
3

2

)
,

and

(49) φkl(r) = Nklr
le−νr

2
L

(l+ 1
2

)

k (2νr2),

with,

(50) Nkl =

√√
2ν3

π

2k+2l+3 k! νl

(2k + 2l + 1)!!

with ν ≡ µω
2~ and Lk

(l+ 1
2

)(2νr2) are generalized Laguerre polynomials, that are the solutions to the
above differential equation.

Both Hermite and Laguerre polynomials are a orthonormal basis of the Hilbert space, being
complete orthogonal basis for L2. Consequently spherical harmonics are a basis of the Hilbert
space.

1.3. Spin and Angular momentum. SO(3) is the group of rotations in 3D space, is the group
of unitary orthogonal (det= 1) 3x3 matrices. SU(2) is the group of rotations in 2D space, is the group
of unitary special (det= 1) 2x2 matrices, also known as the Pauli matrices.

(51) σ0 = I =

(
1 0
0 1

)
, σ1 = σx =

(
0 1
1 0

)
, σ2 = σy =

(
0 −i
i 0

)
, σ3 = σz =

(
1 0
0 −1

)
.

σ̂ are the spinor operators for spin 1/2 particles. σ̂, L̂, live in different spaces, so [σ̂, L̂] = 0. This
also means that eigenvectors are factorized |l,m〉 ⊗ |±〉. The two possible state of spins, define a new
space called spinor space

(52) 〈r|l,m〉 ⊗ |±〉 =

(
u+
lm(r)
u−lm(r)

)
=

(
ψ+(r)
ψ−(r)

)
Y l
m(θ, φ),

this representation of wavefunctions in factorized solutions of L̂ and σ̂, considering a complete set of
operators (commute each others) L̂z, σ̂z, σ̂

2, L̂2 is called LS–coupling.
We can define the total angular momentum,

(53) Ĵ := σ̂ + L̂,

we have the following set of complete operators, J2, L2, σ2, Jz, which define the J–coupling scheme.
Quantum number |l − s| ≤ j ≤ l + s.

1.4. Exercises.

(1) demonstrate Eq. (5) and (6).
(2) demonstrate the Schwartz inequality |〈a|b〉|2 ≤ ||a||2||b||2.
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(3) finish problem in Sect. 1.2.2, solving the even cases. Then consider the density current

(54) j(r) =
~

2im
[ψ(r)∇ψ∗(r) + ψ∗(r)∇ψ(r)],

and calculate how the current density behaves inside and outside the potential well.

2. Second Quantization

2.1. The Mathematics of second quantization. We want to describe a relativistic field theory
for quantum mechanics. Since in relativity there is no mass conservation, particle number and type
is not conserved and has to be defined dinamically. Consequently we will introduce a formalism for
many-particle systems called “second quantization”

2.1.1. Fock Space and symmetries. Considering Hilbert space H of one particle system as defined
in sect. 1.1.5 we consider the hilbert space relative to A–particle systems as

(55) HA = H ⊗H ⊗ . . .⊗H

The wavefunctions in this space are Φ(x1, . . . , xi, . . . , xj , . . . , xA).

Transposition operator P̂ij which swaps the places of ith and jth particle.

(56) P̂ijΦ(x1, . . . , xi, . . . , xj , . . . , xA) = Φ(x1, . . . , xj , . . . , xi, . . . , xA).

P̂ij an Hermitian, and unitary operator, so its an operator which eigenvalues can only be +1 or −1. We

can then divide the space HA in space composed of eigenfunctions of P̂ij with eigenvalues pij = ±1,

H
(±)
A , and the one orthogonal to these two.

(57) HA = H
(+)
A ⊕H

(−)
A ⊕H ′

A

Theorem 2 (Spin Statistic theorem). Particles living in H
(+)
A , with P̂ijΦ=Φ, have integer spin

and are called bosons;

particles living in H
(−)
A , with P̂ijΦ=−Φ, have semi-integer spin and are called fermions.[2]

H ′
A is the orthogonal complement, populated by functions that are neither symmetric nor anti-

symmetric (irreducibile representation of the permutation group), but and up to now is no experimental
evidence indicating a connection with physical wavefunctions.

(58) Ψ ∈H
(±)

2 ⇒ Φ(x1µ, x2ν) =
1√
2

(φµ(xP1)φν(x2)± φµ(x2)φν(x1))

When constructing the basis of A-particle states in the space H
(−)
A we similarly single-out antisym-

metric states,

(59) Φµ1...µA(x1, . . . , xA) = (A!)−1/2
∑

P

(−1)Pφµ1(xi1) . . . φµA(xiA),

where P is the permutation of A elements, P(1, 2 . . . , A)=(i1, i2, . . . , iA). The above state is called
Slater determinant of single-particle states,

(60) Φµ1...µA(x1, . . . , xA) = (A!)−1/2

∣∣∣∣∣∣∣∣

φµ1(x1) φµ2(x1) · · · φµA(x1)
φµ1(x2) φµ2(x2) · · · φµA(x2)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
φµ1(xA) φµ2(xA) · · · φµA(xA)

∣∣∣∣∣∣∣∣
.
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Fock space

(61) F (±) := C⊕H ⊕H
(±)

2 ⊕ · · · ⊕H (±)
n ⊕ · · ·

with functions as

(62) f ∈ F (±) =




f0 ∈ C
f1(r1σ1) ∈H

f2(r1σ1, r2σ2) ∈H
(±)

2
...

...

fn(r1σ1, · · · , rnσn) ∈H
(±)
n

...
...




.

Applying the number operator results in

(63) N̂Φ =




0 · f0

1 · f1(r1σ1)
2 · f2(r1σ1, r2σ2)

...
n · fn(r1σ1, · · · , rnσn)

...



.

2.1.2. Creation operators. We define a creation operator that creates a particle in the antisym-
metric Fock space, thus

(64) a+
µΦA(µ1, · · · , µA) :=

{
0 for µ ∈ {µi},
ΦA+1(µ, µ1, · · · , µA) for µ 6∈ {µi},

and the annihilation operator, hermitian conjugate of the constructor, is given by

(65) aµΦA+1(µ1, · · · , µA + 1) :=

{
0 for µ 6∈ {µi}
(−1)i+1ΦA(µ1, · · · , µi−1, µi+1, · · · , µA+1) for µ = µi

In F (−), in other words for fermions, creation and annihilation rules operator obey this following
anticommutation rules

{
a+
µ , a

+
ν

}
= 0,(66)

{aµ, aν} = 0,(67)
{
aµ, a

+
ν

}
= δµ,ν .(68)

From these relations follows that a+
µ a

+
µ = 0, that embed the Pauli principle into the properties of the

creation operators.
At this point we can define a vacuum state such as

(69) aµ|0〉 = 0 ∀µ
and every state is defined by application of constructor operators

(70) |µ1 · · ·µA〉 := a+
µ1 · · · a+

µA
|0〉

which defines an orthonormal set of states, correspondant to the slater determinant wavefunction in
Eq. (65).
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2.1.3. Operators in second-quantization. N̂ν gives the number of fermions occupying the ν-th
single-particle state,

(71) N̂ :=
∑

ν

a+
ν aν ,

that is used to define the fermion-number operator:

(72) N̂ |µ1 . . . µA〉 = A|µ1 . . . µA〉.
Theorem 3 (Second-quantization representation of operators). In the second-quantization rep-

resentation, the K-particle operator is defined by its antisymmetrized matrix elements and has the
following form:

(73) F̂ = (K!)−2
∑

µ1...µK
ν1...νK

Fµ1...µKν1...νKa
+
µ1 . . . a

+
µK
aνK . . . aν1 ,

that reduces to the case of one and two body operators to

F̂ =
∑

µ1ν1

Fµ1ν1a
+
µ1aν1 ,(74)

F̂ =
1

4

∑

µ1µ2ν1ν2

Fµ1µ2ν1ν2a
+
µ1a

+
µ2aν2aν1 .(75)

Creation and destruction operator can also be represented in the Hilbert space (coordinate or
momentum), giving the creation or destruction of a particle in a particular position or momentum.

2.1.4. From first to second–quantized form. Let’s consider a one body operator in the second
quantization form, as in Eq. (74), using the field operators as defined in the previous lecture

(76) a+(r) :=
∑

µ

φ∗µ(r)a+
µ , a(r) :=

∑

µ

φµ(r)aµ,

we can build it from first quantization operator

(77) F̂ =
∑

µ1ν1

〈µ|F |ν〉a+
µ aν =

∫
d3ra+(r)a(r)F (r)

Implying that densities (ρ =
∑

i ρ(r− ri)) in second quantization, at a given coordinate r are then
given by

(78) ρ̂(r) = â+(r)a(r)

2.2. Wick Theorem. Let’s consider a decomposition of A on Ψ such as

(79) A = A0 +A+ +A−,

with,

A0 is a constant,(80)

A−|Ψ〉 = 0,(81)

〈Ψ|A+ = 0.(82)
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Let then P=|Ψ〉〈Ψ| be the operator projecting on the state |Ψ〉. Thus we get the explicit form of
the decomposition (79) that fullfills the rules of (80-82),

A0 = 〈Ψ|A|Ψ〉,(83)

A− = (A− 〈Ψ|A|Ψ〉) (1− P ),(84)

A+ = (1− P )AP,(85)

with for any operator A and any state |Ψ〉.
If we want to calculate the average product of two operators

(86) 〈Ψ|AB|Ψ〉 = 〈Ψ|A|Ψ〉〈Ψ|B|Ψ〉+ 〈Ψ|A−B+|Ψ〉,
that relates to (anti–)commutator relations,

〈Ψ|A−B+|Ψ〉 = 〈Ψ|{A−, B+}|Ψ〉 = 〈Ψ|[A−, B+]|Ψ〉
= 〈Ψ|{A−, B}|Ψ〉 = 〈Ψ|[A−, B]|Ψ〉 = · · ·(87)

We then define a contraction, and auto–contraction, for fermions as

AB := {A−, B},(88)

A := 0.(89)

To be noted that the contractions for bosons are given by commutator and the auto–contraction
is a number that gives an important contribution to observables such as the total energy.

Theorem 4 (Wick’s theorem). If all mutual contractions of pairs of operators in the product are
numbers, then the average value of the product of these operators equals the linear combination of
products of all possible contractions and auto-contractions.

(90) AD1D2 . . . DkB := ckABD1D2 . . . Dk.

2.2.1. Wick’s theorem for Slater determinants. Owing to anticommutation rules (68), fermion
contractions are numbers. Can be build considering the configuration which annhilate the state on
the left and right (cf. (80-82) ) is called normal ordering N [· · · ], and contractions are then defined
as

(91) AB = AB −N [AB].

They result in the following values,

a+
µ aν =

A∑

i=1

δµµiδνµi ,(92)

aµa
+
ν =

M∑

i=A+1

δµµiδνµi ,(93)

a+
µ a

+
ν = aµaν = 0,(94)
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while auto–contractions vanish:

(95) a+
µ = aµ = 0.

This again is for the specific case of naked fermions, we will later see that in the case of other
creation and annhilation in other systems contractions and autocontractions can have a different
outcome, for example in the system with pairing interaction in the Bolgolybov basis (cf. Lecture 6).

2.2.2. Calculations of matrix elements. Calculation of one body matrix element over two body
states gives,

〈α′1, α′2|F̂ |α1, α2〉 =
∑

µ1µ2ν1ν2

Fµν〈0|aα′2aα′1a
+
µ aνa

+
α1
a+
α2
|0〉(96)

= Fα′1α1
δα′2α2

+ Fα′2α2
δα′1α1

− Fα′1α2
δα′2α1

− Fα′2α1
δα′1α2

,(97)

making use of contractions.

2.3. Exercises.

(1) Prove that the square of a general one–body operator is equal to a sum of one– and two–body
operators.

(2) Calculate the matrix elements of a two body operator Eq.(75) between two body states using
Wick theorem.

(3) In nuclear physics is sometimes assumed that is possible to approximate the interaction
between one nucleon and all other nucleons by a potential V (r). The Schrödinger equation
with this potential is then solved, obtaining the eigenstates ψi(r) and the corresponding
energies εi. An antisymmetric A–particle wavefunction can be constructed using a Slated
determinant,

(98) Ψ(r1, . . . , rA) =
1√
A!

∣∣∣∣∣∣∣∣∣

φ1(r1) φ2(r1) · · · φA(r1)
φ1(r2) φ2(r2) · · · φA(r2)

...
...

. . .
...

φ1(rA) φ2(rA) · · · φA(rA)

∣∣∣∣∣∣∣∣∣
.

Verify in the case of A = 3 that the Slater determinant is antisymmetric and that the
formulation above is normalized. Show also that this implies that two (or more) particles
cannot be found at the same place in this space. Note that this properties of a Slater
determinant are valid also in the general A × A case and follow from the general properties
of the determinant (as defined by the Leibnitz formula as the sum of possible permutations
of the matrix elements with the appropriate phase).

3. The nuclear shell model

Using the second quantization, we can consider a general Hamiltonian,

(99) Ĥ = T̂ + Û + V̂ ,
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where T is the kinetic term, U is an eventual one–body potential, and V is a two–body interaction
that in second quantization can be written as (cf. sect. 2.1.3),

T̂ =
A∑

i=1

t(r) =
∑

µν

tµνa
†
µaν

V̂ =
∑

i<j

V (ri, rj) =
1

2

∑

i 6=j
V (ri, rj)

=
1

2

∑

µ1µ2ν1ν2

vµ1µ2ν1ν2a
†
µ1a
†
µ2aν2aν1 ,(100)

where vµ1µ2ν1ν2 is the interaction’s matrix element between particles 1 and 2 in states µi and νi,

(101) vµ1µ2ν1ν2 = 〈µ1µ2|V |ν1ν2〉.
The eigenstate of the system will be now obtained by finding eigenstates of the Hamiltonian, that

is finding those states in which basis the Hamiltonian matrix is diagonal. We just solved many–body
physics. Or have we not?

3.1. Two–particle system. The two–particle wavefunction, can be constructed from the slater
determinant using a given angular momentum coupling scheme (cf. sect. 1.3). Considering particles
coupled to good total angular momentum J , the wavefunction is,

(102) Ψ(α1(1), α2(2); JM),

where αi are all the quantum numbers relative to a particle, often α ≡ n, l, j, (i) the coordinates of
particle i, often (i) ≡ ri, σi, and J the total angular momentum of the two–particle system and M its
projection.

The two–particle wavefunction in J–scheme can be written as,

(103) Ψ(α1(1), α2(2); JM) =
∑

m1,m2

〈j1m1, j2m2|JM〉φj1m1(1)φj2m2(2),

where 〈j1m1, j2m2|JM〉 is the Clebsch–Gordan coefficient of angular momentum coupling, and φ the
one–particle wavefunction. Furthermore, the wavefunction Ψ needs to be antsymmetric in the case of
identical particles (cf. exercise) by considering the action of the Slater determinant,

Ψ̃(α1(1), α2(2); JM) =
∑

m1,m2

〈j1m1, j2m2|JM〉
∣∣∣∣
φj1m1(1) φj2m2(1)
φj1m1(2) φj2m2(2)

∣∣∣∣ ,

=
1√
2

∑

m1,m2

〈j1m1, j2m2|JM〉(φj1m1(1)φj2m2(2)− φj1m1(2)φj2m2(1)),

=
1√
2

[
Ψ(α1(1), α2(2); JM)− (−1)j1+j2−JΨ(α2(1), α1(2); JM)

]
,(104)

using the symmetry properties of the Clebsch–Gordan 〈j1m1, j2m2|JM〉 = (−1)j1+j2−J〈j2m2, j1m1|JM〉.
Now if we consider the case of two identical particles coupled in the same j–shell j1 = j2, it follows

that with the rest being equal (104) would admit only J = even couplings. This is the case e.g.
for 18O: considering an harmonic oscillator + spin orbit basis, the two neutrons after close shell will
occupy the d5/2 shell; therefore the two neutrons can couple to J = 0, 2, 4, with the maximum J is

given by occupying m = ±5/2 and ±3/5 states. In fact, these J = 0+, 2+, 4+ states are the lowest
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energy states for 18O. Analogously the same principle can be applied to hole states, e.g. 54Ni has to
holes in f7/2 shell giving the first excited states with J = 0, 2, 4, 6. Being this principle related to the
fermion nature of the particle, it holds for both proton and neutron states (and electrons considering
atomic levels).

If we consider the case of two different particles in two states of the same j, the wavefunction Ψ will
not have be antisymmetrized, therefore all the possible combinations of j will be available obtaining
J = 0, . . . , 2j. For example in 30P, the neutron and proton in the d3/2 obtaining J = 0+, 1+, 2+, 3+

above a 1+ ground state.
The energy of the states will be given by the effective interaction between the two nucleons in the

different JM configurations, that is, the interaction’s matrix elements. A general two–body interaction
will contain effective one– and two–body terms. The effective one body terms is obtainable using
contraction methods such as Hartree–Fock, and the effective two–body is the residual part left. This
effective two–body interaction will act on the two particles in the j–shell determining the energies
of the ground and excited states, introducing an energy shift ∆E respect to the eigenenergy of the
one–body Hamiltonian. This energy shift is given by the two–body matrix element of the residual
interaction,

(105) ∆E(µ1µ2; Λ) = vΛ
µ1µ2µ1µ2 = 〈µ1µ2; Λ|V |µ1µ2; Λ〉,

with µi represent the state of the particles and Λ the quantum numbers of the coupled state, and v
are the matrix elements of the residual interaction.

3.2. Calculation of two–body matrix elements. To calculate the two body matrix elements
of an interaction is possible to use different strategies expanding on different bases. A popular choice
to calculate a central interaction is expand it in the complete set of the Legendre polynomial,

(106) V (|r1 − r2|) =
∞∑

l=0

vl(r1, r2)Pl(cosθ12),

that can be itself written in terms of the spherical harmonics, that are themselves eigenfunctions of
the centrifugal term in three dimension (cf. sect. 1.2.2),

(107) Pl(cosθ12) =
4π

2l + 1

∑

m

Y l
m
∗
(Ω1)Y l

m(Ω2),

where l corresponds to the angular momentum, Ω to the solid angle. Considering the matrix element
between states of good total angular momentum j as in the example is section 3.1, it can be then
calculated as

(108) vJj1j2j1j2 = 〈j1j2; J |V |j1j2; J〉 =
∑

l

〈j1j2; J |vl(r1, r2)
4π

2l + 1

∑

m

Y l
m
∗
(Ω1)Y l

m(Ω2)|j1j2; J〉.

Since the radial and the angular part are now partially factorized, can now separate them and as usual
the solution will be the product of the factors. The radial part will be given by,

(109) Fl =

∫
φ∗n1l1(r1)φ∗n2l2(r1)vl(r1, r2)φn1l1(r2)φn2l2(r2)dr1dr2,

where φnili(ri) are the radial wavefunctions of the basis, with n and l the principal and angular
quantum numbers respectively. A popular choice of basis in nuclear physics is the 3D harmonic
oscillator (sect. 1.2.2), but it can as well be a set of wavefunctions obtained after Hartree-Fock
calculation to separate one–body and residual effective two–body components.
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The expressions for the angular part can be calculated using reduction rules and Wigner-Eckart
theorem (cf. [3]):

Theorem 5 (Wigner-Eckart theorem). The matrix elements of spherical tensor operators can be
represent in a part depending on the projection quantum numbers (m), called geometrical part, and an
independent part called reduced matrix element, in the following way

〈αjmj |T lml |α
′j′m′j〉 = 〈j′m′jlml|jmj〉〈j||T̂ l||j′〉.

The reduced matrix element are convenient because they simplify the sum over m, and to be
calculated they often require the application of the Wigner-Eckart theorem.

obtaining in the case of spherically symmetrically basis,

(110) fl = (−1)j1+j2+J 4π

2l + 1

{
j1 j2 J
j2 j1 l

}
〈j1||Ŷ l||j1〉〈j1||Ŷ l||j1〉,

where the expression in curly brackets is known as a Wigner 6j–symbol, and the 〈·||• ||·〉 is the reduced
matrix element.

If needed, a similar procedure can obtain the exchange component to guarantee antisymmetrization
of the matrix elements for identical particles.

4. Many–particle systems

We can now use the interaction diagonalization procedure of the nuclear shell model in cases of
many–particles. It is possible to construct a basis of the Fock space using creation operators,

(111)
∏

i

a†i |0〉, or
∏

i

ai|0〉,

this can be seen as filling a vector of states, e.g. a†3a
†
5a
†
6|0〉 can be represented as |001011〉. Each of

these states are normalized and orthogonal. All the possible combinations will then construct a basis
for the Fock space. The solution of the many–body problem will be simply given by diagonalizing the
Hamiltonian in the space corresponding to the given number of particles. Problem is, the number of
possible slater determinants, and two–body matrix elements among them, grows with the number of
possible combinations of A identical particles in the space of N states,

(112) D =

(
N
A

)
,

which grows exponentially with the growth of the basis and number of particles as represented in Fig.
1. Therefore, the shell model for many particles (also equivalent to Configuration Interaction) has
limits in solving systems with many particles and large model spaces. To overcome the limitations in
number of particles and possible number of states, the nuclear shell model often reduces the model
space to few states around magic shell closure, the valence space. This is done using an effective
interaction for the specific model space.

Another approach is to use the power of massive computing to treat light systems, as described in
the example in the following section.

4.1. Modern Applications.
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Figure 1. Size of the Fock space D

4.1.1. Deuteron wavefunction and fusion reactors. Thermonuclear reaction are crucial to under-
stand many phenomena ranging from the modeling of the big-bang, stellar burning to the exploration
of nuclear fusion as a terrestrial source of energy. In particular the fusion of a deuteron (2H, or d)
with a triton (3H, or t),

d+ t→4 He + n+ 17.6 MeV,

is of the most viable avenues for nuclear fusion, pursued at facilities such as ITER and NIF. Calculating
a predicting the properties and cross section of such a reaction in the different configuration of initial
and final states is therefore important to understand the best efficiency reachable by fusion reactors.

The deuteron is a two–particle systems. It’s wavefunction is similar to the prescriptions defined
in sect. 3.1, with the addition of the isospin quantum number discussed in Lecture 2. The deuteron
has a spin triplet S = 1 isospin singlet T = 0 ground state. Since both nn and pp interactions are
repulsive (there is no bound diproton or dineutron), matrix element (and therefore the correction to
the independent particle binding energy) for the T = 1, Tz = ±1 state are positive and the T = 1
state is less bound than the T = 0 state. Since the ground state is T = 0, the antisymmetrization will
imply,

(113) |T = 0〉 =
1√
2

(|pn〉 − |np〉).

The rest of the properties of the ground state depends on details of the interaction and which
matrix elements are more attractive or repulsive. In fact, studying the deuteron is one crucial way to
gain information about the properties of the two-body sector of the nucleon-nucleon interaction. It is
observed that the ground state of the deuteron is a 1+, with S = 1 and a mixture of L = 0 and L = 2
[4], which gives an information about an important aspect of the nuclear interaction: the tensor force,
binding states of different spin.

The properties of the deuteron have been thoroughly investigated, but research is still actively
ongoing on the study of low–energy fusion. In particular a question regarding fusion technology is if
efficiency can be improved by polarizing deuteron and tritium isotopes. Tritium is a spin 1/2 state,
and is polarization implies only alignment on the reaction symmetry axis. But since the deuteron
is in a spin S = 1 state, it can be polarized to Sz = ±1 or 0. This polarized state are difficult to
study experimentally, but could be an important design feature in future fusion reactors if the spin
alignment implies an increased efficiency greater than the energy necessary for the polarization.
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Figure 3: Deuteron densities in M = 0 (left) and M = 1 (right) magnetic
substates. The red spots correspond to the maximal nucleonic densities, while
the dark volumes correspond to lower densities (outer surface is for 10% of
maximal density). See [9, 43] for equivalent representations.

In this simple potential model of the deuteron, the magnetic moment of the
deuteron is determined entirely by the D state probability PD :

µd = µs − 3

2

!
µs − 1

2

"
PD , (9)

where µs = µn + µp is the isoscalar nucleon magnetic moment. The deuteron
electric quadrupole moment is also determined from the wave functions:

Qd =
1√
50

# ∞

0

w(r)

$
u(r) − 1√

8
w(r)

%
r2dr . (10)

In both cases, these quantities are modified by extensions to the basic potential
model (see Sec. 5). In particular the direct relationship between the magnetic
moment and the D state probability will be broken by such extensions and,
therefore, this probability is not an observable [44].

Since the nuclear force is of finite range, it is easy to determine the asymp-
totic form of the wave functions

u(r) ∼ ASe−γr and w(r) ∼ ADe−γr

$
1 +

3

γr
+

3

(γr)2

%
as r → ∞ (11)

where γ ≃ √
εm, with m being the reduced np mass and ε the deuteron binding

energy (see Ref. [45] for a relativistic definition of γ). AS and AD are the
asymptotic normalization factors, determined by matching the asymptotic form
(11) to the calculated wave functions in the interior region where the potential
is nonvanishing. AS and the ratio

ηd =
AD

AS
(12)

are directly related to observables as discussed in the next section.

7

Figure 2. Deuteron wavefunction in M = 0 and M = 1 substate of the 1+ ground
state, from [4].

The state–of–the–art calculation [5] is very sophisticated in order to include effects of coupling to
the continuum and the dynamics of reactions (cf. Lecture 8), but the basic concept of deuteron and
tritium wavefunction are based on the few–particle shell model that we have seen in this lecture. This
study finds that: “the reaction rate increases by about 32 % compared to the unpolarized one and,
further, the same reaction rate as the unpolarized one can be achieved at 4̃5 % lower temperature”,
therefore giving strong indication of the advantages of polarizing reactant in future nuclear fusion
reactors.

compilation36, which is intended for applications in astrophysics
simulations. Overall, we find that they agree well even at energies
above the resonance. In more detail, our calculation agrees best
with the phenomenological R-matrix evaluation, particularly at
higher energies where data are typically scarcer. In our case, the
uncertainties due to the finiteness of the model space are

indistinguishable from the line width. The convergence of our ab
initio model is discussed in Supplementary Note 1 (see also
Supplementary Figs. 1-5 and Supplementary Table 2). A further
analysis of the systematic and statistical uncertainties associated
with the adopted nuclear interaction model, such as those
stemming from the order of the chiral expansion or the uncer-
tainty in constraining its parameters, is presently computationally
prohibitive (see also Supplementary Discussion). The phenom-
enological correction induces a global shift towards the reaction
threshold, commensurate with that of the resonance centroid. In
practice, this fine tuning is tightly constrained by the requirement
to match S-factor data in the energy range below the resonant
peak. The polarized reaction rate shows the same shape,
albeit globally enhanced by a factor of ~1.32, in agreement
with the approximate estimate for the chosen polarization.
This result follows from the rather slow variation of the
enhancement factor of the reaction cross section as a function of
the energy in the narrow Gamow window (deuteron incident
energies below a few hundred keV) where the product of
the Maxwell–Boltzmann distribution with the tunneling
probability of the nuclei through their Coulomb barrier is sig-
nificantly different from zero. It is interesting to note that with
polarization a reaction rate of equivalent magnitude as the apex of
the unpolarized reaction rate is reached at lower temperatures,
that is less than 30 keV compared to 65 keV (where both
rates peak), as highlighted in Fig. 5 by the arrows. As a naive
illustration, this means that by using polarized DT fuel the output
of a standard fusion reactor could either be enhanced by 32% or
its operational temperature decreased by as much as 45%. A more
comprehensive discussion of the economics of using polarized
fuel in the case of inertial confinement fusion can be found
in ref. 4.

Angular distribution of the polarized reaction products. While
the deviations from a pure Jπ ¼ 3=2þ; ‘ ¼ 0 contribution are
small and have only a minor effect, particularly on angle-averaged
observables such as the reaction cross section or the reaction rate,
they play a somewhat larger role on the angular distribution of
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the R-matrix fit of Descouvemont35 (labeled as “Descouvemont”) and from
the NACRE compilation36 (labeled as “NACRE”). The arrows in the figure
show that, with polarization, a reaction rate of equivalent magnitude as the
apex of the unpolarized reaction rate is reached at lower temperatures

NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-018-08052-6 ARTICLE

NATURE COMMUNICATIONS | ���������(2019)�10:351� | https://doi.org/10.1038/s41467-018-08052-6 | www.nature.com/naturecommunications 5

Figure 3. From [5].

4.1.2. Nuclear transitions, Urca process and supernovae. The shell model approach is useful to
have a compact and effective description of many–nucleons systems, by considering effective interaction
in a valence space. A recent work uses the description of beta–decay to shed light on the fate of dying
stars [6]. As nuclei are fused in the core of the star, the most stable isotopes are produced in the core
of the star accumulating an inert iron core. This iron core is held together against the gravitational
pressure by the energy of the Pauli principle, accumulating electrons in states of higher and higher
energy and forming the “electron degeneracy pressure”. Once the energy of the electron state is
greater than its mass and compensates for the neutron–proton mass difference and binding energy,
it would be energetically favorable to capture the electron in the nucleus a undergo an inverse beta
decay process. Once the depletion of electron starts, the pressure will decrease favouring a collapse
of the iron core that in turn will favour electron capture, determining a catastrophic stellar process
known as supernova.
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The reaction rate of the electron capture transition will influence the process, and it can be
calculated using the nuclear shell model and the concepts of this lecture. An interesting case is
20
10Ne10. With 2 protons and 2 neutrons has 2 particles above the 16O doubly magic close shell. 20

9 F11

is the neighbour. The states of both nuclei can be calculated using the nuclear shell model and
USDB (universal sd type b) effective interaction between nucleons in the sd valence space [7] and
diagonalizing it in the small space of 4 particles in 3 states.

The beta decay transition 20F→ 20Ne+e−+ν̄e is then guided by the Gamow–Teller matrix element,

(114) 〈20Ne(0+)|GAσ̂τ̂ |20F(0+)〉,
where GA is the axial coupling constant that defines the interaction. This process is naturally occurring
in the lab and nature with an half-life of 16s. The inverse process can happen if the electron pressure
is high enough, such as in the dense environment of the onset of supernova.

In the case the temperature is high enough, it might trigger the so–called Urca process. Named
after a casino (cassino de Urca in Rio de Jainero) because it depletes the supernova of energy as fast as
a casino depletes the money of its patrons, it consists of a rapid cycle of electron–capture and β–decay,
that generates a vast amount of neutrinos that are the main cooling source of a supernova.

The delicate balance of heat, density pressure, electron capture and beta decay transition rates,
determines the destiny of stars. That is, if they undergo supernova leaving a neutron star or black
hole remnant, or end their life in a thermonuclear explosion, shedding the exterior layers and leaving
the electron–degenerate core behind in the form of white dwarf.

4

FIG. 3. Central ignition density vs. growth rate for a con-
tracting, degenerate ONe core, with and without the forbid-
den transition between the ground states of 20Ne and 20F.
Filled circles denote cases in which oxygen ignition occurs
centrally, while empty circles denote o↵-center ignition at the
indicated radius. The panel shows temperature and den-
sity profiles at the time of ignition for the low growth rate
(10�7 M� yr�1).

]. We find that the inclusion of the forbidden transi-
tion allows the electron captures on 20Ne to proceed at
lower densities (see Supplemental Material). However,
since the forbidden transition is more than five orders of
magnitude weaker than a typical allowed transition, the
captures do not produce a thermal runaway, as would be
the case for an allowed transition, but rather a gradual
heating of the core. As a result, the star develops an
isothermal core with a radius of 10–60 km and for the
Ṁ�6 = 0.1 and 1.0 cases, this phase lasts long enough
that most 20Ne within the isothermal core is converted
to 20O by double electron capture. Hence, further heat-
ing occurs in the outer regions of the core triggering an
o↵-center ignition of oxygen. For the Ṁ�6 = 10 case,
the ignition occurs in a central region with 10 km radius.
Fig. ?? summarizes the results of our simulations. For all
cases considered, the contribution of the forbidden tran-
sition leads to earlier heating resulting in oxygen ignition
at lower densities. Changes in the chemical composition,
in particular the initial amount of 24Mg and 25Mg, af-
fect the evolution somewhat, but do not alter the pic-
ture qualitatively, unless the 24Mg fraction is made very
large [? ].

Determining the final outcome after oxygen ignition—
gravitational collapse or thermonuclear explosion—
requires multi-dimensional hydrodynamical simulations.
We have performed four high-resolution 3D hydrodynam-
ical simulations using the LEAFS code [? ? ] with di↵er-
ent assumptions for the initial density and flame geome-
try motivated by the results of the MESA stellar evolu-

tion simulations. We also calculate the nucleosynthesis
in the ejecta following the approach of Ref. [? ]. None
of our simulations actually result in core collapse into
a neutron star; all are partial thermonuclear explosions
that produce a bound remnant consisting of oxygen, neon
and iron-group elements (ONeFe WD). The inclusion of
the forbidden transition, which favors an o↵-center igni-
tion at lower densities, has a significant impact on the
explosion: The lower density slows down the conductive
flame and leads to less energetic burning, which results in
a more massive remnant because less material is ejected
(Fig. ??, top panel). On the other hand, the o↵-center
ignition leads to more energetic burning during the first
1 second of the explosion (see Supplemental Material),
resulting in a higher fraction of iron-group elements in
the remnant compared to the centrally ignited models
(Fig. ??, bottom panel).

We find that the explosion mechanism has a signifi-
cant impact on the nucleosynthesis yields. This is pri-
marily due to thermonuclear explosion ejecting far more
material, Mej ⇠ 1 M�, than the gravitational collapse,
Mej ⇠ 0.01 M� [? ], although the isotopic distributions
also exhibit some di↵erences (Fig. ??), notably in the
production factors of 50Ti and 54Cr, which are enhanced
by factors of ⇠ 20 in the thermonuclear explosion. On
the other hand, the changes in ignition density and ge-
ometry caused by the forbidden transition have a modest
impact on nucleosynthesis, leading to changes of up to
⇠ 10% in the production factors of individual isotopes
(see Supplemental Material). We find that the ejecta of
the thermonuclear explosion are particularly rich in the
neutron-rich isotopes 48Ca, 50Ti and 54Cr and the trans-
iron elements Zn, Se and Kr (Fig. ??). This has impor-
tant implications for our understanding of early Galactic
chemical evolution [? ] and may also explain unusual Ti
and Cr isotopic ratios found in presolar grains [? ? ].
The radionuclide 60Fe is also produced in large amounts
(3.63 ⇥ 10�3 M�), implying that the live 60Fe found in
deep-sea sediments [? ] could have originated from the
recent death of a nearby intermediate-mass star [? ]. On
the other hand, the production of 26Al is rather modest,
resulting in a large 60Fe/26Al ratio [? ].

In summary, our work indicates that the ONe core, for
realistic growth rates and composition, will not collapse
to a neutron star, but rather be partially disrupted by
the oxygen deflagration wave, producing a ONeFe WD
and a subluminous Type Ia supernova. This is contrary
to the commonly accepted view that collapse to a neu-
tron star is more likely [? ? ] and has the notable
corollary that the Crab Nebula (SN 1054) likely was the
result of a low-mass iron core-collapse supernova. Our
findings suggest that intermediate-mass stars may be an
important (and potentially the only) channel for making
ONeFe WDs. Detection or non-detection of such objects
with future missions would provide important insights
into the explosion mechanism.

Figure 4. From [6].

4.2. Exercises.

(1) Predict the level scheme of the first excitations of 50Ti and 14N and compare them to exper-
iment on https://www.nndc.bnl.gov/.

(2) Derive Eq. (110) from Wigner-Eckart theorem and the rules of angular momentum coupling.

https://www.nndc.bnl.gov/


LECTURE 11

Green’s function formalism

Green’s functions are a powerful tool to solve differential equations, and have been extensively
used to investigate the properties of interacting many–body systems. Considering an arbitrary linear
differential equation,

(115) L̂φ(x) = f(x),

where L̂ is the differential operator relating the field φ(x) to the source f(x). This differential equation
can be solved considering the solution to a point–like source δ(x),

(116) L̂G(x, x′) = δ(x− x′),

G(x, x′) is a particular solution to the differential operator L̂ that is called Green’s function, and
assumes the role of a distribution that can be applied to the source term to obtain the solution

(117) φ(x) =

∫
G(x, x′)f(x′)dx′,

in an analogous way to the way the δ distribution acts on a function. The Green’s function can
be then considered a inverse in the sense of the distribution to the differential operator L̂. In the
case we consider as differential operator L̂ an Hamiltonian of a many–particle system and consider the
differential equation as the Schroedinger equation, we get the analogous many–body Green’s functions.

We will not prove the analogy, but for this reason Green’s functions are a useful tool for a systematic
perturbative treatment of many–particle systems. The Green’s function is a useful representation of
the state of a particles and physical processes mainly affecting that state. Techniques of interacting
Green’s function can be used to perturbatively calculate the solution to the Schroedinger equation to
the potentially exact solution.

We derive the Green’s function from the formalism of second-quantization (cf. Sect. 2). Field

operators ψ̂m(x, t) are a set of creation (and annihilation) operators weighted over the possible single-
particle wavefunctions,

(118) ψ̂m(x, t) =
∑

i

ψm,i(x, t)ai,

where ai is the annihilator operator over a basis {i}, and ψm,i(x, t) the single time–dependent wave-
function characterized by a set of quantum numbers m represented over that basis.

In other words in a system described in the H±(N) (or F±) space, considering an Hamiltionan
H and the corresponding ground state |ψ0〉, the field operator (that is eventually a vector field of m
components, e.g. the spin ± of fermions) create (and annihilate) particles. This is the description of
the Hamiltonian itself, in the second quantization representation.

20



11. GREEN’S FUNCTION FORMALISM 21

With this prescription, we can define the Green’s function corresponding to this interacting system
as,

(119) iGm,m′(xt,x
′t′) = 〈ψ0|T [ψ̂Hm(x, t)ψ̂†Hm′(x

′, t′)]|ψ0〉,
where the subscript H stands for Heisenberg representation of the time–dependence,

(120) ψHm(x, t) = eiHt/~ψm(x)e−iHt/~,

with H the Hamiltonian, and T [...] is the time ordering product.
The Green’s function description comes useful in many ways. Considering the properties of the

second-quantization representation the expectation value of any single-particle operator is bracketed
over a creation and an annihilation field operators and so the Green’s function becomes a natural way
to consider the expectation value of a single-particle operator in the ground state of the system, and
therefore

The one particle Green’s function has all the information of the ground state of a single-particle
Hamiltonian; being the expectation value of the field in the ground state for a given xt,x′t′ it makes it
possible to calculate the expectation value of every single-particle operator that is, in IInd quantization,
a linear combination of one-creator and one-annihilator operators. Green’s functions are like field-
testing on a given spacetime interval during which they perturb the ”vacuum” of the ground state.

With the explicit time ordering, the Green’s function becomes

iGm,m′(xt,x
′t′) = 〈ψ0|ψ̂Hm(x, t)ψ̂†Hm′(x

′, t′)|ψ0〉Θ(t− t′)
± 〈ψ0|ψ̂†Hm′(x′, t′)ψ̂Hm(x, t)|ψ0〉Θ(t′ − t),(121)

where the ± sign is consequence of the Hilbert (Fock) space chosen to be symmetrical or anti-
symmetrical, in order to describe bosons or fermions. These two components of the Green’s function,
are also known as the ”retarded” and ”advanced” part and sometimes used independently to describe
the time evolution of the system. But here we will consider the full time–ordered Green’s function.
Time dependence can be written explicitly in the Heisenberg representation (120) and so remember-

ing that |ψ0〉 is an eigenstate of the Hamiltonian it follows that e−
i
~Ht

′ |ψ0〉 = e−
i
~ω0t′ |ψ0〉 with ~ω0

eigenvalue energy of the ground state, and can be carried out of the the bracket since is a number.

iGm,m′(xt,x
′t′) =eiω0(t−t′)〈ψ0|ψ̂m(x)e−

i
~H(t−t′)ψ̂†m′(x

′)|ψ0〉Θ(t− t′)±
eiω0(t′−t)〈ψ0|ψ̂†m′(x′)e−

i
~H(t′−t)ψ̂m(x)|ψ0〉Θ(t′ − t),(122)

introducing a resolution of identity summing over all the possible excited states,
∑

n |ψn〉〈ψn|,

iGm,m′(xt,x
′t′) =

∑

n

eiω0(t−t′)〈ψ0|ψ̂m(x)e−
i
~H(t−t′)|ψn〉〈ψn|ψ̂†m′(x′)|ψ0〉Θ(t− t′)±

∑

n′
eiω0(t′−t)〈ψ0|ψ̂†m′(x′)e−

i
~H(t′−t)|ψn′〉〈ψn′ |ψ̂m(x)|ψ0〉Θ(t′ − t) =

=
∑

n

eiω0(t−t′)e−iωn(t−t′)〈ψ0|ψ̂m(x)|ψn〉〈ψn|ψ̂†m′(x′)|ψ0〉Θ(t− t′)±
∑

n

eiω0(t′−t)e−iωn(t′−t)〈ψ0|ψ̂†m′(x′)|ψn′〉〈ψn′ |ψ̂m(x)|ψ0〉Θ(t′ − t),(123)
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which yields,

iGm,m′(xt,x
′t′) =

∑

n

ei(ω0−ωn)(t−t′)〈ψ0|ψ̂m(x)|ψn〉〈ψn|ψ̂†m′(x′)|ψ0〉Θ(t− t′)±
∑

n′
ei(ω0−ωn)(t′−t)〈ψ0|ψ̂†m′(x′)|ψn′〉〈ψn′ |ψ̂m(x)|ψ0〉Θ(t′ − t),(124)

that contains explicitly the t− t′ exponential. Since 〈ψ0|ψ̂m|ψn〉 must be non-zero for the first term,
|ψn〉 is the state corresponding to the system with N + 1 particles due to the destructor operator
between the ground state and the intermediate state. The same happens for the second term, where

|ψn′〉 must represent the system with N − 1 particles in order to have the matrix element 〈ψ0|ψ̂†m′ |n′〉
non-zero. ω0 represents the energy frequency associated to the ground state |ψ0〉 with N particles,
while ωn and ωn′ represent the energy frequency of the intermediate excited states |ψn〉 and |ψn′〉,
with N + 1 and N − 1 particles respectively.

We can now consider the Fourier transform of the Green function, to recover a time–independent
and frequency–dependent formulation. The matrix elements are time–independent and therefore are
C–numbers for the purpose of the Fourier transform. So keeping into account the Fourier transform
of the imaginary exponential and the Heaviside theta 1, the frequency representation of the Green’s
function, we have to

F [Gm,m′(xt,x
′t′)] = Gm,m′(ω) = lim

η→0

∑

n

〈ψ0|ψ̂m|n〉〈n|ψ̂†m′ |ψ0〉
ω − (ωn − ω0) + iη

±
∑

n′

〈ψ0|ψ̂†m′ |n′〉〈n′|ψ̂m|ψ0〉
ω + (ωn′ − ω0)− iη .(125)

In the following we will omit the limit for simplicity. The denominator can be rewritten considering
ωn(N + 1) − ω0(N) = ωn(N + 1) − ω0(N + 1) + ω0(N + 1) − ω0(N), that becomes εn + εF , where
ω0(N + 1)− ω0(N) the minimum energy required to add a particle to the N particle system, known
as Fermi energy (εF ) or chemical potential (µ); while ωn(N + 1) − ω0(N + 1) the excitation energy
of the N + 1 particle system, that are the single-particle excitations states. Doing this substitutions
analogously for the excitations of the N − 1 system in the second term, we obtain the denominator
as εn′ − εF , with εn′ as the single–hole states. Finally, we obtain the so-called Källén–Lehmann
representation of Green’s functions,

Gm,m′(ω) =V
∑

n

〈ψ0|ψ̂m|n〉〈n|ψ̂†m′ |ψ0〉
ω − εF − εn + iη

+
∑

n′

〈ψ0|ψ̂†m′ |n′〉〈n′|ψ̂m|ψ0〉
ω − εF + εn′ − iη

,(126)

where
∑

n runs over the particles and
∑

n′ over the hole states.

1 We recall that the transform of the θ(t),

θ(ω) =

∫ ∞
−∞

eiωtθ(t)dt =

∫ ∞
0

eiωtdt =
1

iω
for ω 6= 0,

that can be also be derived considering the Heaviside theta as the antiderivative of the Dirac delta. However, for ω = 0 the
integral does not evaluate to a finite value. Therefore, the solution is usually to regularize the expression by introducing
an imaginary frequency η and taking the limit for it to go to zero,

θ(ω) = lim
η→0

∫ ∞
0

eiωt−ηtdt = lim
η→0

−i
ω + iη

.
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The Green’s functions are conveniently represented in the Källén–Lehmann representation also
because they can be associated to particle lines in Feynman diagrams, allowing to think diagrammat-
ically, thus representing perturbation processes and interactions in an intuitive and graphical way.

1. Green’s function and Feynman diagrams

Figure 1. The propagator of a Drunken Man. From [8].

Feynman Diagrams enable us to think about processes in many–body systems using a compact
and graphical representation. For a comprehensive treatment of Feynman diagrams in many-body
physics cf. [8, 9]. The propagators and related diagrams can be written also about classical processes
without loss of generality. For example, to describe the trajectory of the drunken man in Fig. 1 and
the probability for him to come home, we can consider all his possible trajectories weighted with the
respective probabilities. That is, the probability of going from 1 (bar) to 2 (home) P (2, 1) is given by
the sum of the probability of all the possible trajectories that go directly P0(2, 1) or by stopping in
bars A,B . . . ,

P (2, 1) =P0(2, 1) + P0(2, A)P (A)P0(A, 1) + P0(2, B)P (B)P0(B, 1)

+ P0(2, B)P0(B)P0(B,A)P (A)P0(A, 1) + . . . ,

and this can be represented in graphical form as in Fig. 2. The direct trajectories P0 are referred to as
”bare” propagators and this operation of considering all possible trajectories and related probabilities
is referred to as ”dressing” or ”renormalization” of the bare properties.

Figure 2. The propagator of a Drunken Man. From [8].

The main difference between this classical propagator and the quantum propagator we are inter-
ested in, stems from the fact that classical probabilities are real values, but in quantum mechanics
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probabilities are amplitudes in the complex fields. Therefore, probabilities amplitudes do not simply
multiply but also interfere.

In order to familiarize with the Feynman diagrams representations and prescriptions, we can
consider the case of a system of free-fermions. In this case the Green’s function G0 of a one–body
Hamiltonian H0,

(127) H0 =
∑

ν

ε0νa
†
νaν ,

where ε0ν are the single–particle energies of the one–body Hamiltonian, for example in the case of the

free particle k2ν
2m . The solution of this Hamiltonian generates the following Green’s function in the

Lehmann representation (126),

(128) G0(ν, ω) =
∑

µ

1

ω − ε0µ + iη
+

1

ω + ε0µ − iη
,

where G0 and is defined as the ”bare” Green’s function that is a pure one–particle object. In the
following, since we start from these diagonal elements of the Hamiltonian, we will consider particles
interacting locally. That is, the general Gm,m′(ω) in 126 will be simplified as G(ν, ω) for simplicity. To
note that this is not the general case, and for a general Hamiltonian both indexes have to be carried
on in the formalism (e.g. HFB).

Adding a two–body interaction in the Hamiltonian, makes it possible for the ”bare” particle
G0 to interact with other particles and be ”dressed” by the possible processes that can influence
the wavefunction of the particle. The interaction can be in turn ”bare” one, like the the Coulomb
interaction between charged particles (e.g. electrons in metal) or the nucleon–nucleon interaction, or
an ”effective” one that acts within the medium (e.g. the Skyrme interaction in nuclei). Introducing
the interaction between the particles, several processes that define the propagator of the particle i can
now take place. Since we are calculating the dressed propagator of the particle i, we have to consider
the possible . The propagator of these processes can be calculated with the help of Feynman rules,
that relate individual propagators with each other. Feynman rules are derived from the field/second
quantization explicit description of the bare propagator and processes [].

At the lowest order, there are three possible contributions:

ji

Figure 3. This diagram represents the interaction of the bare particle G0(i) with an
average distribution of the other particles, that, in this language, is represented by the
loop of G0(j).

(1) The bare particle can interact with the average density of particles in the background once
the interaction is considered. The propagator of this process in Fig. 3 is particularly useful
to illustrate Feynman rules and given by,
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(129)
iG0(k) (−i) (−1)

∑

spin

∫
d4k
′

(2π)4
〈k, k′|v|k, k′〉 iG0(k′) iG0(k)

I particle line I interaction line I loop interaction I part. lines w loop loop part line II part line

i

k

i

Figure 4. This diagram represents the bare particle i that interacts by changing in
an intermediate state k.

(2) Another possible process of the same order (1 particle line, 1 interaction line) and has initial
and final state i is the change of the particle to an intermediate state k by the means of the
interaction v. The corresponding diagram in Fig. 4 and its contribution is then given by,

(130) iG0(k)(−1)
∑

spin

∫
d4k
′

(2π)4
〈k′, k|v|k, k′〉iG0(k′)iG0(k),

the difference with 1) is that the interaction v brings i→ k and vice versa. This contribution
coming from the bare interaction and is intimately related to the Pauli principle. This relation
can be seen noticing that the diagram above (Fig. 4)is equivalent topologically with Fig. 6(a).
That is, the Pauli exchange between the antisymmetrized state of a particle i and another
one in the same state i coming from a virtual particle-hole excitation of the vacuum (Fig.
6(b)).

k

k

Figure 5. This diagram represent the interaction with a one body (external) mean field.

(3) Finally, in the case the interaction has a one–body component Ũ , instead of the interacting

with another particle, the particle can also interact with the field Ũ . Therefore, instead of
integrating along the dummy variable k′ there is a definite matrix element,

(131) iG0(k)〈k|Ũ |k〉iG0(k).
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(a) (b)

Figure 6. Topological equivalent of Fig. 4 (left) that comes from the exchange of hole
line k with anothe one in the vacuum excitation (right).

These three contributions are taken into account in the Hartree Fock approximation: the first one,
that average the contributions from all the particles k′, is called Hartree term. The second one that
considers the Pauli exchange principle and the anti-simmetrization of the wavefunctions, is the Fock
term. The third one is an (eventual) external one body correction (eg. background of Jellium). This
approach, making use of the one body Green’s functions, approximate the two body interaction v
with a one body mean field, in a way equivalent to other Hartree-Fock (plus eventually external field)
formulations.

2. Dressed Green’s function and Dyson equation

Figure 7. Quasiparticle and quasihorse concepts. From [8].

Direct nucleon-nucleon interaction, in the form of ”bare” (same as vacuum) or ”effective” (fitted
to reproduce experimental results in finite nuclei) force, is not the only mean for a particle to interact
with another one, or itself. A nucleon can interact not only via an interaction but also making use
of other degrees of freedom of the system, namely collective states. In other words building block
of the coupling in Feynman diagrams are vertexes, there can be particle-interaction vertexes, linking
nucleons with the corresponding interaction, but also particle-vibration ones where nucleons scatters
exciting or reabsorbing a vibration of the system.

The collective excitations of the system can be calculated with various methods, one of the most
used in nuclear structure theory is (Quasiparticle) Random Phase Approximation, (Q)RPA. This
framework consider all the correlated particle-hole excitations in order to represents the dynamical
deformation of the system. This can be perturbatevly represented with Feynman diagrams as in Fig.
8. The treatment of QRPA is out of the aim of the present work, but many comprehensive studies
can be found in literature [10].

In other words, for a given multipolarity λ, parity π (e.g. a 2+ state, representing the quadrupolar
vibration of the system), the phonons spectrum ωλπν is calculated within (Q)RPA framework. The
spectrum is then used to determine the ”bare” phonon’s Green’s function that, considering its boson
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x

x

x

x

x

x

= + ...+

Figure 8. Phonons arise from correlated particle-hole excitations in the RPA frame-
work here represented diagrammatically.

nature, is

(132) D0
λπ(ω) =

∑

n

1

ω − ωλπ n + iδ
− 1

ω + ωλπ n − iδ
,

that is symmetric respect to ω (D0
λπ(ω) = D0

λπ(−ω)).
Now we will use the phonon propagator and the particle propagator to construct a theory of

particle–phonon propagation at infinite order, using Green’s functions. The Feynman element neces-
sary is the particle–phonon coupling vertex in Fig. 1,

(133) h(ij;λπν ) = 〈λπν |kλπa†λπν |0〉〈j|F
†
λπν
|i〉,

where F̂ couples states i and j and a†λπν
creates a phonon ν with a given multipolarity λ and parity

π. This vertex and the nature of operators F̂ and a, can be calculated in several ways. Consistently
using RPA with the residual two–body interaction, or phenomenologically coupling in the collective
vibrating potential model (cf. App. A, and [10] chapt. 4).

2.1. Dyson equation. After having illustrated the particle-phonon coupling matrix-element/vertex
we have to consider its contributions to the renormalization of particle properties. The only process
that can give contribution combining particle and phonon Green’s functions G and D0, from whose
treated in section 1, is the rainbow type, similar to the one in Fig. 4. The equivalent to the process
in Fig. 3 cannot take place because, in order to have momentum conservation, the loop vertex need a
q = 0 phonon that is a zero-energy phonon (dispersion relation for acustic phonons ω(k) ∼ 2ω0sin(ka)).

A very convenient way to go beyond the first order in perturbation theory, in order to take into
account many type of processes, is grouping similar type of contribution and let the presence of the
dressed Green function iterate diagrams of the same type. For example in Fig. 9 the ”dressed” Green’s
function G receives contributions from the ”rainbow type” diagrams at the first (first contribution),
second (from the second to the fourth contribution) and the latter is one of the third order in pertur-
bation theory. This renormalization processes considered in Fig. 9 can be represented making use of
the dressed Green’s function itself: if G is as represented in Fig. 9, one can see that the second order of
perturbation is given by the first order rainbow applied over (or after) itself, the third order is given by
the first order rainbow applied over (or after) the second order contributions, and so on. This suggests
that the series can be written making use of the building block in Fig. 10, defined to be the “proper
Self-Energy” Σ∗ (D0(ω − ω′) is chosen to have ω as the total energy of the self energy process). The
diagram in Fig. 10, is called skeleton diagram, and it includes all the reducible contributions of this
type of diagram. That is, consecutive and nested iteration of the same diagrammatic configuration as
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in Fig. 9. This can be understood also in terms of Graph theory, and the Dyson equation includes all
simply connected types of graphs.

G = + + + +. . .

Figure 9. Dressed Green’s Function G is given by the unperturbed G0 perturbed by
the sum of self energy processes. The self energy processes considered in the Dyson
equation are the ones of the so-called ”rainbow series”, so the ones involving Σ- (self-
interaction)-type of diagrams.

D0(ω − ω′)
Gµ(ω)

Figure 10. Feynman representation of the proper self energy considered, building
block of the Dyson equation (Fig. 12), made by the dressed Green’s function G and
the unpertubed phonon D0.

However, not all the possible second order diagrams are included in Fig. 9. The diagram in Fig.
11 is missing. These types of crossing-lines diagrams at all orders are neglected in this approximation.
Therefore, we can see the iteration of the Dyson equation not as an order–by–order expansion, as in
many–body perturbation theory, but as process–by–process.

Figure 11. This type of diagrams are not included in the Dyson equation treatment.
Eventually can be added as vertex correction.

This finally leads to the Dyson equation (cf. Fig. 12), which reads

(134) G = G0 +G0Σ∗G,



2. DRESSED GREEN’S FUNCTION AND DYSON EQUATION 29

+

G0

G

G0

Σ∗=

Figure 12. Representation of the Dyson equation, that, considering as the proper Self
Energy Σ∗ the one in Fig. 10, is a compact and efficient way to write the expansion 9.

making use of a self-consistency of dressed G in order to take into account infinite order of perturbation.
Dyson equation in the form (134) can be multiplied on the right by G−1 giving

(135) 1 = G−1G0 +G0Σ∗,

and then multiplied on the left by (G0)−1 giving the more compact writing

(136) G−1 = G0)−1 − Σ∗.
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2.2. Self energy calculation. We proceed with the calculation of the proper self energy (cf.
Fig. 10) Σ, as it is the building block of the Dyson equation. So following the prescriptions of sect.
1, we calculate

~Σ(a, ω) = −i
∫ ∞

−∞

dω

2π

∑

bλπν

〈λπν |kλπa†λπν |0〉〈b|F
†
λπν
|a〉

iG(b, ω′)iD0
λπν

(ω − ω′)〈0|k∗λπaλπν |λπν 〉〈a|F
†
λπν
|b〉,(137)

that, commuting c-numbers and c-functions, leads to

(138) ~Σ(a, ω) =

∫ ∞

−∞

dω

2π

∑

bλπν

|〈λπν |kλπa†λπν |0〉|
2|〈b|F †λπν |a〉|

2G(b, ω′)iD0
λπν

(ω − ω′),

and defining the vertex |〈λπν |kλπa†λπν |0〉|
2|〈b|F †λπν |a〉|

2 generally as the matrix element h2(a, b;λπν ),

(139) ~Σ(a, ω) =

∫ ∞

−∞

dω

2π

∑

bλπν

G(b, ω′)iD0
λπν

(ω − ω′)h2(a, b;λπν ).

If we want to account perturbatively for the coupling of the particles to phonons, it is very convenient
to recall the definition of the Lehmann representation in eq. (126), that is very suited for iterating in
a perturbative fashion due to its the integral nature based on the definition of strength function.

The Self-Energy is given by

Σ(a, ω) =
∑

bλπν

h2(a, b, λπ)

∫ ∞

−∞

dω′

2π

∫ ∞

0
dω′′

[
A(b, ω′′)

ω′ − ω′′ + iη
+

B(b, ω′′)

ω′ + ω′′ − iη

]

i

[
1

ω − ω′ − ωλπν + iδ
+

1

ω′ − ω − ωλπν + iδ

]
,(140)

where A(b, ω) and B(b, ω) are called strength functions and are the energy–dependent generalization
of the matrix element h2(a, b, λπν ), obtained by integrating convoluting with the dressed propagator
G(a, ω).

To compute this integral in the complex plane, we have to consider the ω′ variable as complex,
then use the prescriptions of the Cauchy integral formula integrating over a closed path like the one
in Fig. 13 and then subtracting the arc contribution,

Γ

Re

Im

Figure 13.
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(141)

∫ +∞

−∞
=

∮

C
−
∫

arc
,

where in our case we can safely assume that we don’t have singularity at infinity (being the strength
functions A and B related to the spectroscopic response, they must go to zero at high energy) since
the integrand (Ga,a · D0) goes to zero as 1/ω′2 and so the upper bound of

∫
arc is the length of the

arc itself (that goes as πω′), its contribution is ≤ πω′
ω′2 −−−−→ω′→inf

0. So the integration over
∫ +∞
−∞ can

be replaced by the contour integration in the upper half plane, so the results will be the sum of the
residues of the poles in the upper half plane.

There are four components of the functions in the integral:

• A(b,ω′′)
ω′−ω′′+iη ≡ G−, which has first order poles ω′ = ω′′ − iη, so only in the lower-half plane

(fourth quadrant).

• B(b,ω′′)
ω′+ω′′−iη ≡ G+, which has first order poles ω′ = −ω′′ + iη, so only in the upper-half plane

(second quadrant).
• 1

ω′−ω−ωλπν +iδ ≡ D−, which has first order poles ω′ = ω + ωλπν − iδ, so only in the lower-half

plane.
• 1

ω−ω′−ωλπν +iδ ≡ D+, which has first order poles ω′ = ω − ωλπν + iδ, so only in the upper-half

plane.

The contribution given by G−D− vanishes, because it has no poles in the upper-half plane, thus no
residues. The contribution of G+D+ also vanishes,

∮

C
G+D+ih2(·) =

=

∮

C

dω′

2π

∑

nλπν

∫ ∞

0
dω′′ih2(a, b, λπν )

B(b, ω′′)

ω′ + ω′′ − iη
1

ω − ω′ − ωλπν + iδ
=

= cost2πiRes{G+D+} =

= cost

{[
∂

∂ω′
(ω′ + ω′′ − iη)(ω − ω′ − ωλπν + iδ)

∣∣∣
ω′=−ω′′+iη

]−1

+

+

[
∂

∂ω′
(ω′ + ω′′ − iη)(ω − ω′ − ωλπν + iδ)

∣∣∣
ω′=ω−ω′−ωλπν +iδ

]−1
}

=

= cost

[
1

ω − ω′′ − 2ω′ − ωλπν + iδ + iη

∣∣∣
ω′=−ω′′+iη

+

+
1

ω − ω′′ − 2ω′ − ωλπν + iδ + iη

∣∣∣
ω′=ω−ωλπν +iδ

]
=

= cost

[
1

ω + ω′′ − ωλπν + iδ − iη +
1

−ω − ω′′ + ωλπν − iδ + iη

]
=

= 0,(142)
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because the two residues are opposite and cancel each other. The residues that give contribution in
that contour are the ones from G+D−,∮

C
G+D−ih2(·) =

=

∮

C

dω′

2π

∑

bλπν

∫ ∞

0
dω′′ih2(a, b, λπν )

B(b, ω′′)

ω′ + ω′′ − iη
1

ω′ − ω − ωλπν + iδ
=

= cost2πiRes{G+D−} =

=2πi
∑

nλπν

ih2(a, b, λπν )

2π

∫ ∞

0
dω′′B(b, ω′′)

[
∂

∂ω′
(ω′ + ω′′ − iη)(ω′ − ω − ωλπν + iδ)

∣∣∣
ω′=−ω′′+iη

]−1

=

=−
∑

bλπν

h2(µ, n, λπν )

∫ ∞

0
dω′′

B(b, ω′′)

2ω′ + ω′′ − ω − ωλπν + iδ − iη
∣∣∣
ω′=−ω′′+iη

=

=
∑

bλπν

h2(a, b, λπν )

∫ ∞

0
dω′′

B(b, ω′′)

ω + ω′′ + ωλπν − iδ − iη
,(143)

and the other one from G−D+ that, following the same prescriptions used above, gives

(144)

∮

C
G+D−ih2(·) =

∑

bλπν

h2(a, b, λπν )

∫ ∞

0
dω′′

A(b, ω′′)

ω − ω′′ − ωλπν + iδ + iη
,

leading finally to the result for the proper self-energy function,

(145) Σ(a, ω) =
∑

bλπν

h2(a, b, λπν )

∫ ∞

0
dω′′

A(n, ω′′)

ω − ω′′ − ωλπν + iδ + iη
+

B(b, ω′′)

ω + ω′′ + ωλπν − iδ − iη
.

Figure 14. Quasiparticle and quasihorse concepts. From [8].

2.3. Dressed Green’s function. The exact form G and the value of the total solution of eigen-
vector and eigenvalues are then given by the solution of the Dyson equation explained in section 2.1,
which is,

(146) G(a, ω + iη) =
[
(G0(a, ω))−1 − Σ∗(a, ω + iη)

]−1

where G0 is the Green’s function of the unperturbed system, thus giving

(147) G0(a, ω) =
∑

n

|pn〉〈pn|
ω − λ− εT̂n + iη

+
∑

n′

|hn′〉〈hn′ |
ω − λ+ εT̂n′

− iη
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where εT̂n represent, by definition (126), the eigenvalue of the hamiltonian of the system the Green’s

function is describing, and since G0 is the unperturbed Green’s function of the free particle, the
hamiltonian under consideration is the kinetic term T̂n. λ is the energy needed to add or remove a
single particle on the system, and is the so-called chemical potential, or the Fermi energy λ = −εF .
Were the terms with momenta |k| or −|k| in Eq. (126) in the nuclear case are particles pn and holes

hn′ respectively. |pn〉〈pn| and |hn′〉〈hn′ | are the matrix of eigenvectors of T̂ , which is diagonal being
the two-body, of diagonal, contributions forbidden. Thus the inverse of G0 is

(G0(a, ω))−1 =
∑

n

|pn〉〈pn|(ω − λ− εT̂n + iη) +
∑

n′
|hn′〉〈hn′ |(ω − λ+ (εT̂n′

)− iη)

=
∑

n

ω ± iη − λ− T̂ |an〉〈an|(148)

where we made use of the fact that the inverse of the diagonal matrix is equal to the matrix itself, and
that T̂ |pn〉〈pn| = εT̂n |pn〉〈pn| and T̂ |hn〉〈hn| = −εT̂n |pn〉〈pn|. In the end, considering Dyson equation

(136), the proper Self Energy Σ∗, containing all the interaction of the system and so the two body

Van,an , the pairing ∆ān,an and the phonon exchange Σ̂(a, ω) described above, adding the kinetic term
and the Fermi energy parameter −εF we obtain the following equation for the dressed Green’s function,

(149) Ĝ(a, ω + iη) =
[
ω + iη − Ĥ0 − Σ̂(a, ω + iη)

]−1

where Ĥ0 is the one–body Hamiltonian that generates the basis (that can be an HFB basis). In
essence, the Green’s function is a way to calculate and represent a many–body solution for a complete
Hamiltonian by the means of a perturbative expansion and the related set of equations.

2.4. Exercises.

(1) Find which of these diagrams are topologically equivalent

Figure 15.

(2) Show that the diagrammatic Hartree–Fock formulation given in sect. 1 corresponds to ei-
ther the first– or second–quantization formulation seen in Lect. 3 and Hand–in exercise 2
respectively.



APPENDIX A

Particle Vibration Coupling with Separable Interaction

λ

Figure 1. Particle-Vibration scattering vertex, the building block of the renormalization.

In this Appendix we give the basic expressions needed to compute the particle-vibration coupling
vertex according to the collective model of Bohr and Mottelson [11]. This formalism is especially
suitable to deal with the coupling of (quasi)–particles with low-lying collective density modes, making
use of the experimental energies and transition strength.

The QRPA calculation will be carried out with the separable force

(150) V (~r1, ~r2) = −κself r1
∂U

∂r1
r2
∂U

∂r2

∑

λµ

χλY
∗
λµ(θ1)Yλµ(θ2)

where U(r) is a potential that gives a good reproduction of the experimental levels. In practice, one
can adopt a Woods-Saxon parametrization (e.g. [12], cf. eq. (2-182)), with an eventual empirical
pairing coupling constant adjusted to reproduce the pairing gap deduced from the experimental odd-
even mass difference. The parameters χλ are determined so as to get a good agreement with the
observed properties (energy and transition strength) of the low-lying surface modes with a (Q)RPA
calculation.

This scheme then reduces to the collective particle-shape vibration (phonon) coupling scheme given
by Bohr and Mottelson [11] (cf. Eqs. 6-207- 6-209). In fact, neglecting the exchange terms (cf. on
this point [10], Eq. (14.54) and Chap.16), the particle-hole matrix elements are given by

(151) F (abcdλ) = −κselfχλ < abλµ|r1
∂U

∂r1
Y ∗λµ(θ1)|0 >< 0|r2

∂U

∂r2
Y ∗λµ(θ2)|cdλµ >

where µ is any of the z-projections of the angular momentum λ. In this expression the QRPA-
like single-particle indices (c, d) and the scattered particle indices (a, b) appear in separated factors,
so that one gets the angular momentum reordering property F (abdcλ) = (−1)jc−jd+λF (abcdλ) =
(−1)ja−jb+λF (bacdλ), and

V (abλν) = −κselfχλ(uaub − vavb) < abλµ|r1
∂U

∂r1
Y ∗λµ(θ1)|0 >

[
2λ+ 1

2ja + 1

]1/2

×
∑

c≤d
(1 + δcd)

−1/2

[
(Xcd(λν) + Ycd(λν))(ucvd + vcvd) < 0|r2

∂U

∂r2
Y ∗λµ(θ2)|cdλµ >

]
(152)

34
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The quantity in the summation is precisely the transition amplitude M(λν) of the M̂ = r2
∂U
∂r2
Y ∗λµ(θ2)

operator, which is usually expressed in terms of the so-called collective deformation parameter as
M(λν) = αoλν/κself , assuming a collectively deformed density δρ = −r ∂ρ∂r

∑
λµ Y

∗
λµ(θ)αλµ

In this way we can write

(153) V (abλν) = −χλ(uaub − vavb) < abλµ|r1
∂U

∂r1
Y ∗λµ(θ1)|0 >

[
2λ+ 1

2ja + 1

]1/2

αoλν .

Finally, following the notation in [11], Eqs.(6-207 to 6-209) using the reduced matrix element <
jb||Yλ||ja >= (−1)ja−jb < jajb;λµ|Yλµ|0 >

√
2λ+ 1 and the relation αoλν = βλν/

√
2λ+ 1, we can

write

(154) V (abλν) = h(abλν)(uaub − vavb),
where

h(abλν) = −(−1)ja−jbβeffλν < a|r1
∂U

∂r1
|b >< jb||Yλ||ja >

[
1

(2ja + 1)(2λ+ 1)

]1/2

,(155)

which is the basic vertex in [11] corrected by our effective deformation parameter βeffλ = χλνβλν .
Analogously one finds

(156) W (abλν) = h(abλν)(uavb + vaub).
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