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1 Repetition on Maxwell’s Equations and Electromag-

netic Waves

1.1 Introduction

Classical electrodynamic was essentially developed in the 19th century by Henry Cavendish
(law of forces between electrical charges 1771), Charles Augustin de Coulomb, Hans Christian
Ørsted, André Marie Ampère, Michael Faraday, James Clerk Maxwell (dynamical theory of the
electromagnetic field 1864), Heinrich Hertz (observation of electromagnetic waves 1888). Henrik
Antoon Lorentz achieved a final form with his theory of electrons (1890ies), which allowed for a
microscopic understanding of material properties. Finally, Albert Einstein realized 1905 that a
new concept for space and time was needed for a full comprehension. Classical electrodynamic
is essential for the understanding of all kinds of electrical machines (such as motors, generators,
etc.), communication technology (antennas, wave guides etc), synchrotrons, the characterization
of materials, etc.

Classical electrodynamics neglects the interplay with quantum theory. Key issues are the quan-
tization ~ω of the radiation energy (Max Planck 1900, Albert Einstein 1905), the quantized
interaction with matter described by quantum-electrodynamics, 1950ies Richard Feynman, Ju-
lian Schwinger, Sin-Itiro Tomonaga) which is relevant for high-energy physics, and quantum
optics (1960ies Roy Glauber) for coherent effects.

1.2 Electromagnetic forces and units

The force between two stationary charges q1,q2 reads

F1 =
q1q2
4πε0

r1 − r2
|r1 − r2|3

, F2 = −F1

where ε0 = 8.8542 . . .× 10−12As/Vm is the vacuum permittivity.

The force between two infinitesimal stationary thin wire elements dl1, dl2 with currents I1, I2
(in unit Ampère) is given by the Biot-Savart Law by

F1 =
µ0I1I2

4π
dl1 ×

(
dl2 ×

r1 − r2
|r1 − r2|3

)
, F2 = −F1

with the vacuum permeability µ0 = 4π×10−7N/A2. Thus two infinitely long, parallel wires with
distance a attract each other with the force F1 = I1I2µ0

2π
dl1
a

(Use
∫∞
−∞ dz(z2 + a2)−3/2 = 2/a2).

In the SI system the Ampère is defined as the current producing an attractive force of 2×10−7

Newton per meter of length between two straight, parallel wires of infinite length and negligible
circular cross section placed one meter apart in vacuum.

Experience shows, that charge is conserved, and consequently any change of charge Q =
∑

i qi

in a volume is due to charge flow I through the walls out of the volume, i.e. Q̇ = −I .

Thus the unit of the charge is As, which is also referred to as Coulomb (Cb). (Alternatively,
in the Gaussian system one defines the charge via its forces. A pair of charges with one
statcoulomb each experience at a distance of 1 cm a force of 1 gcm/s2. Then the unit of current
is statcoulomb/s, approximately 3.3× 10−10 A)
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1.3 Charge and current densities

Now we define the charge density ρ(r) = dQ/dV as the charge per volume at position r in the
limit of a vanishing volume and the current density j(r) = dI/dAn as the current per area with
normal vector n in the limit of a vanishing area. For a given volume V , the relation Q̇ = −I
reads

d

dt

∫
V

d3rρ(r, t) = −
∫
∂V

dS · j(r, t)

(note that the area element dS is pointing outwards!) which is equivalent to the

continuity equation
∂ρ(r, t)

∂t
+∇ · j(r, t) = 0 (1)

For discrete point charges at positions ri and velocity vi we have

ρ(r) =
∑
i

qiδ(r− ri) j(r) =
∑
i

qiviδ(r− ri) (2)

Discuss three-dimensional δ-function

1.4 Static fields

The electrical force can be interpreted as the actions q1E(r) of the electric field E(r) on the (in-
finitesimal small and ideally localized) charge q1. The magnetic force as the action I1dl1×B(r) of
the magnetic field B(r) (also called magnetic flux density or magnetic induction in the literature,

as magnetic field is the historical denomination of H) on a current element. Draw field lines∮
∂V

dS · E(r) =
1

ε0

∫
V

d3rρ(r) ⇔ ∇ · E(r) =
1

ε0
ρ(r) (3)∮

∂V

dS ·B(r) = 0 ⇔ ∇ ·B(r) = 0 (4)∮
∂S

dr · E(r) = 0 ⇔ ∇× E(r) = 0 (stationary)∮
∂S

dr ·B(r) = µ0I ⇔ ∇×B(r) = µ0j(r) (stationary)

For the point-like charges q with velocity v, we have I1dl1 = jdV = qv and the fields provide the

Lorentz force F = qE(r) + qv ×B(r)

In order to induce currents in an electric circuit, forces must act on the charges in order to
balance friction (which is the origin of resistivity). Thus current flow in a closed loop requires
the presence of a finite value of the

electromotive force E =
1

q

∮
loop

dr · F (5)

describing the work acted on a carrier for one entire circulation divided by its charge. (Note
that the terminology ’force’ is common, but inappropriate, as the unit of E is volt.) As the
static electric field satisfies

∮
loop

dr · Estat = 0, the electric part of the Lorentz force does not

contribute for static (or slowly varying) fields. Thus there must be sources in the circuit, where
work is done on the carriers by other means than the electrostatic field. Examples are chemical
reactions in a battery or moving wires subjected to a magnetic field in a generator.
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1.5 Maxwell’s equations

To consider non-stationary processes, two further aspects have to be taken into account for:

(i) Faraday’s law of induction reads

E = − d

dt

∫
S

dS ·B(r, t)

for a given loop ∂S around the area S. Sketch different scenarios Moving the loop, the elec-
tromotive force is due to v × B(r). However, in order to take into account variations of the
magnetic induction in time, we require

∇× E(r, t) = −∂B(r, t)

∂t
(6)

(ii) The continuity equation (1) requires

∇×B(r, t) = µ0j(r, t) + ε0µ0
∂E(r, t)

∂t
(7)

where ε0
∂E(r,t)
∂t

is called displacement current.

Equations (3,4,6,7) constitute Maxwell’s equations, which fully determine the electric field
E(r, t) and the magnetic induction B(r, t) for a given charge and current density ρ(r, t), j(r, t)

1.6 Electromagnetic waves

In free space, where no charges or currents are present, the wave equations read

∆E(r, t)− ε0µ0
∂2

∂t2
E(r, t) = 0 ∆B(r, t)− ε0µ0

∂2

∂t2
B(r, t) = 0

Solve by FT with c = 1/
√
ε0µ0 = 299792458m/s (exact as this defines the meter since 1983)

E(r, t) =

∫
d3k

(2π)3
[
E+(k)ei(k·r−c|k|t) + E−(k)ei(k·r+c|k|t)

]
with E±(k) ⊥ k

B(r, t) =

∫
d3k

(2π)3
1

c|k|
k×

[
E+(k)ei(k·r−c|k|t) − E−(k)ei(k·r+c|k|t)

]
from the two solutions of ω2 = c2|k|2. As the fields must be real, the complex amplitudes must
satisfy E−(k) = [E+(−k)]

∗
. Then we find with A(k) = 2<{E+(k)} and D(k) = −2={E+(k)}

E(r, t) =

∫
d3k

(2π)3
[A(k) cos(k · r− c|k|t) + D(k) sin(k · r− c|k|t)] with A(k),D(k) ⊥ k

B(r, t) =

∫
d3k

(2π)3
1

c|k|
k× [A(k) cos(k · r− c|k|t) + D(k) sin(k · r− c|k|t)]

discuss planes of constant phases, maxima of B and E

As Maxwell’s equations are real and linear, it is often advantageous to work with complex fields,
as the real and imaginary parts never mix. Then a plain electromagnetic wave with given k
takes the form

Ẽ(r, t) = Ẽ0e
i(k·r−ωt) B̃(r, t) =

1

c
ek × Ẽ0e

i(k·r−ωt) withω = c|k|, Ẽ0 ⊥ k (8)
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where the tilde indicates complex quantities. By taking the real part, one can always obtain
the physical fields, e.g. E(r, t) = <{Ẽ(r, t)}. However special care has to be taken, if one wants
to evaluate physical quantities, which are products of fields (such as energy densities or the
Poynting vector, discussed later). Here, one finds a very helpful relation for the time-average
over one period T = 2π/ω of periodic signals a(t) = <{ã0e−iωt} and b(t) = <{b̃0e−iωt}:

1

T

∫ T

0

dt a(t)b(t) =
1

2

(
<{ã0}<{b̃0}+ ={ã0}={b̃0}

)
=

1

2
<{ã0b̃∗0} (9)

which will be extensively used in this course. (Note that a(t)b(t) 6= <{ã0e−iωtb̃0e−iωt}, which is
a common mistake!)

Electromagnetic waves occur in an enormous range of frequencies and are crucial for a large
variety of physical systems.1 They are conventionally characterized by their wavelength λ =
2π/k, frequency ν = ω/(2π), or photon energy ~ω, which are intrinsically related by ω = ck
(or λν = c). Important values to keep in mind are:

frequency wavelength photon energy
VHF Channel 16 (marine radio) 156.8 MHz 1.91 m 0.648µeV
upper limit of electronics 100 GHz 3 mm 0.414 meV
typical molecular vibration (Ozone) 30 THz 10µm 124 meV
red light (edge of visible spectrum) 400 THz 750 nm 1.65 eV
violet light(edge of visible spectrum) 789 THz 380 nm 3.26 eV
typical X-ray 2.42×1018 Hz 1.24 Å 10 keV

1See http://www.sura.org/commercialization/docs/SURA_EMS_chart_full.pdf for examples


