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Further information

The model used is the 1D Hubbard model

which describes fermions with an on-site interaction U, the same 

over the entire ring. A parabolic potential is added with center at 

site i = 0. The time dependence V( ¿), switches off  the parabolic 

potential, which will be done in an adiabatic, intermediate, and a 

sudden manner. The geometry considered is a ring of  100 lattice 

sites, filled with 60 fermionic atoms. The interaction was fixed to 

U = 8, and the parabolic constant k = 0.05.

To obtain the ground state density, 

we solve the single-particle Kohn-Sham 

equations self-consistently:

To time evolve, we propagate the time-dependent Kohn-Sham 

orbitals using a predictor-corrector split-operator method.

The single particle density is obtained from 

Conclusions
In summary, our study show that

• The time evolution of  the expanding cloud displays a wide 

variety of  non-equilibrium phenomena (overshooting, 

transients, self-induced stability, etc), all of  which should be 

experimentally accessible with todays technology. In 

particular, optical experiments can be used to investigate the 

time evolution of  the Mott insulator  -- a state of  matter that 

in ordinary condensed-matter situations can only be studied 

in static situations;

• The connection between the entanglement entropy and 

changes of  phase extends from equilibrium to non-

equilibrium situations, which opens a wide field for 

investigations and applications of  quantum information 

concepts in dynamical settings; 

• If  accurate enough potentials are used, TDDFT is a useful 

tool for characterizing and analyzing the long-time behavior 

of  the expanding cloud, allowing one to describe phenomena 

such as the approach to the ground state, and thermalization

of  initial states that are far from equilibrium.

For a more details, please see the article: [3]

Ground state results: Density                      Entropy

Ground state 

density and 

entanglement 

entropy for the ring. 

Different colors 

correspond to 

different sites in the time evolution figures below. The ground state 

has several phases: (V) Vacuum, (L) Luttinger liquid, (M) Mott 

insulator (half-filling) and (B) Band insulator phases. ‘Mott plateaus’ 

due to fermion-fermion interactions, higher interaction gives wider 

plateaus.

Time evolution results: Density            Density Entropy

Adiabatic release

of  trap potential.

Fast melting of  the 

band insulator 

phase, as well as the

Luttinger regions. The Mott phase, however, is resistant to melting, 

because of  the interaction strength. TDDFT perspective: 

consequence of  the discontinuity of  the vxc. Small oscillations occur 

in the end, since the evolution is not fully adiabatic. The 

entanglement entropy can be seen to reach extrema when there are 

local phase changes for the density.

Intermediate release         Density             Density         Entropy

of  trap potential:

The same behavior 

as in the adiabatic 

case is observed. 

The oscillations are 

larger, after the perturbation is removed, due to non-adiabatic 

effects. 

Step release                      Density               Density         Entropy

of  trap potential:

Here wild 

oscillations occur, 

which are contrary 

to what one should

expect. This is due to the failure of  the adiabatic local density 

approximation, which breaks down for very non-adiabatic fields. 
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Cold atoms in optical lattices: can artificially create multitude of  

systems: strongly/weakly correlated, attractive/repulsive 

interactions. Can be tuned to be described by the Hubbard model, 

a lattice model with on-site interactions.

Question: How does repulsive interactions change the dynamical 

behavior of  fermions? 

We will study how fermions, intitially trapped in a parabolic 

trapping potential, move when we remove the confinement.

To this end, we  will use Time Dependent Density Functional 

Theory (TDDFT) originating from the Runge-Gross theorem.[1] 

Why TDDFT for cold atoms? 

• Versatile method, applicable to a variety of  systems

• Computationally cheap: propagation of  single-particle equations 

(Kohn-Sham equations) moving in an effective local potential

• Local potential treats interactions as vH + vxc: Hartree potential 

+ the exchange-correlation potential, universal potential

Trouble: TDDFT for strongly correlated lattice models hard using 

the usual weakly correlated system: the electron gas.

Verdozzi (2008) [2]: TDDFT possible in 1D. Accurate densities 

can be obtained by using a ground state vxc coming from a 

strongly correlated reference system [3] in the adiabatic local 

density approximation (ALDA), where vxc local in space and time, 

Local gap
To further understand the resistance to change for the Mott 

insulator, we introduce a new quantity: the local gap, defined 

as 

where E(N+1) ( E(N-1) ) is the expectation value of  the 

Hamiltonian, when we have added (removed) one particle at 

a specific site. A numerically convenient formula can be 

derived: 

Local gap as a function

of  time, for the adiabatic

perturbation.

Local gap is always higher 

for a Mott phase than for a 

metallic phase.

Local gap can be thought

of  as the distance between

the center of  mass for the occupied states and the center-of-

mass for the unoccupied states. Thus: the local gap is always 

larger than the fundamental gap.
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To do TDDFT on a lattice, we use the potential from [3]. They 

came up with interpolation formula for total energy per site for the 

1D homogeneous Hubbard model, as a function of  the interaction 

U and the density n, below half-filling:

¯ is determined from the fact that the energy has a closed form at 

half-filling, n = 1. Using                              we extract the 

exchange-correlation energy , Exc. Then we differentiate with 

respect to the density to obtain vxc. By making use of  particle-hole 

symmetry, one can obtain vxc for all values of  the density.

Particle-hole symmetry:

We plot Exc and vxc as a function of  the density for several 

interaction strengths:  

An important

feature is that the

potential is 

discontinous at 

half-filling, which it is 

for any value of  the interaction U > 0: Mott insulator.

Another interesting quantity is the local von Neumann entropy, the 

entanglement entropy:

Can be shown in the ground state to show local phase changes.[3]

Practically evaluated: Use LDA[5].

Extension to time dependent case: Use ALDA! 
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