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Abstract

In this licentiate thesis I consider two di�erent systems of weakly-

interacting, rotating Bose gases: a single-component gas in an anharmonic

potential, and a mixture of two Bose gases in a harmonic potential.

The �rst of these is studied for repulsive as well as attractive interac-

tions, and several distinct states are identi�ed. For weak enough interac-

tion, the stable states are vortices of multiple quantization. For stronger

interactions, the repulsive system forms singly quantized vortices, whereas

the attractive gas resorts to center-of-mass rotation.

The second paper investigates a repulsive two-component Bose gas in

a harmonic potential. Interestingly, in this system there is a number of

exact, analytical expressions for the energies and occupation numbers at

low angular momenta. We also show examples of coreless vortices and

draw conclusions about an interesting similarity between the two systems

investigated.

Supervisors: Stephanie Reimann and Sven Åberg
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Roterande
Bose-Einstein-kondensat:
en populärvetenskaplig
sammanfattning

Denna uppsats handlar om Bose-Einstein-kondensation (BEC), som är ett fenomen
som kan inträ�a för vissa ämnen vid mycket låga temperaturer, närmare bestämt
temperaturer bara några miljarddelars grad över absoluta nollpunkten. Namnet
härstammar från herrar Bose och Einstein (och inte efter �Bosse Einstein� som
någon trodde jag sa en gång), vilka redan 1924 förutsade fenomenets existens,
men i den fysiska verkligheten lyckades man inte veri�era det förrän 1995 - en
bedrift för vilken 2001 års Nobelpris delades ut. BEC är ett rent kvantmekaniskt
fenomen, så för att förklara vad det innebär börjar jag med lite kvantmekanik.

Tänk dig att du har en sluten behållare med gas inuti. Vid rumstemper-
atur rör sig molekylerna i gasen och far runt i lådan huller om buller. De
kommer ha en viss medelhastighet, men de enskilda molekylerna har inte exakt
samma hastighet, utan det �nns en spridning: några rör sig lite fortare och
andra långsammare. Detta är vad vi kallar en klassisk gas (i motsats till kvant-
mekanisk), och varje enskild molekyl följer Newtons mekaniska lagar. Trots att
molekyler i allmänhet är väldigt små kommer de alltså i princip att bete sig på
samma sätt som till exempel tennisbollar och spelkulor.

Om vi så sänker temperaturen kraftigt, så kommer den klassiska beskrivnin-
gen inte längre fungera. Det visar sig nämligen att vid mycket låga temperaturer
så kan molekylerna inte längre ha vilken hastighet som helst, utan bara vissa
är tillåtna: systemet beter sig nu kvantmekaniskt. Man kan jämföra det (nå-
got oegentligt) med att en tennisboll, oavsett hur hårt du kastade den, ändå
bara skulle kunna anta vissa förutbestämda hastigheter. Varje hastighet som
är tillåten svarar mot ett tillstånd för partikeln, och en partikel som be�nner
sig i ett visst tillstånd har vissa egenskaper som hör ihop med tillståndet, som
hastighet, energi med mera.

Det visar sig också att vid riktigt låga temperaturer, så �nns det två olika
regler för vilka hastigheter, eller tillstånd, som är tillåtna. Alla partiklar i univer-
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Figure 1: Exempel på partiklar som är fermioner respektive bosoner.

sum (som vi känner det idag) kan delas in i två övergripande kategorier, beroende
på vilken regel de följer: de är antingen bosoner eller fermioner. Elektronen,
neutronen och protonen är alla fermioner, medan fotonen (�ljuspartikeln�) är en
boson. Men två fermioner som sitter ihop blir en boson, medan två bosoner blir
ännu en boson, och en boson som sitter ihop med en fermion blir en fermion.
Det är som att addera udda och jämna tal, där de udda talen är fermioner: två
udda blir ett jämnt, två jämna också ett jämnt, men ett udda och ett jämnt
blir ett udda. Så vi förstår att en vanlig väteatom, som består av en proton
och en elektron - alltså två fermioner - blir en boson. Deuterium däremot, som
är väte med en extra neutron i kärnan, är en fermion. På samma sätt kan vi
förstå att en proton tillhör fermionerna, om vi vet att den består av tre kvarkar,
som var och en också är en fermion. Även större atomer kan delas in i grup-
perna fermioner eller bosoner: har de ett jämnt antal protoner, neutroner och
elektroner så är de bosoner. En liten illustration av detta �nns i Fig. 1.

För fermioner gäller att som mest en enda partikel i ett visst system kan ha
ett visst tillstånd. I en kall fermiongas har alltså alla atomer (om vi antar att
gasen består av atomer) olika hastighet. Bosoner däremot kan vara hur många
som helst i samma tillstånd, och det är här Bose-Einstein-kondensation inträ�ar:
om gasen är tillräckligt kall, så kommer alla atomer vilja ha sin lägsta möjliga
hastighet, och de kommer alla sjunka ned i samma tillstånd. Så BEC inträ�ar
bara för bosoner (även om superkalla fermioner också kan uppvisa intressanta
fenomen).

Man kan fråga sig om inte stillastående borde vara den lägsta hastigheten.
Men faktum är att för partiklar som är instängda i någon form av behållare så
gäller enligt kvantmekaniken att de aldrig kan vara helt stilla. De har alltid en
viss - om än mycket låg - hastighet.

För atomer som alla har samma tillstånd gäller att de har exakt samma egen-
skaper - inte bara sin lägsta möjliga hastighet. Detta får givetvis konsekvenser
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för hur den kondenserade gasen beter sig som helhet, och det visar sig händelse-
vis att denna gas har �era mycket intressanta egenskaper. Jag koncentrerar mig
på en: den super�ytande egenskapen. Det är nämligen denna som blir tydlig
under rotation, och det är åt rotation som jag har ägnat min forskning.

Redan 1938, när de super�ytande egenskaperna först upptäcktes, föreslogs
att det fanns en koppling mellan dessa och BEC. Det var då några forskare,
Kapitza i Moskva respektive Allen och Misener i Cambridge, som hade upptäckt
att �ytande helium vid tillräckligt låg temperatur kunde �yta genom hur smala
rör som helst. Detta är ett sätt på vilket super�uiditet tar sig uttryck, men som
sagt var skulle vi studera rotation. Så låt oss ta ett annat exempel, och börja
från början med det som redan är känt. Vi tar en ringformad sockerkaksform
och fyller den med vatten och ställer den på en vinylskivspelare. Vi förstår
då intuitivt att vattnet kommer börja rotera tillsammans med behållaren när
vi slår på skivspelaren. Efter en inställningsperiod kommer sockerkaksform,
vatten, och skivtallrik alla ha samma hastighet. Vi vet också att om vi stänger
av skivspelaren, så kommer den på grund av friktion i de rörliga delarna så
småningom sluta rotera, och så även kakformen och slutligen även vattnet.

Inget konstigt med detta, kan man tycka. Och det är det inte heller - vatten
är en så kallad �normal� vätska, till skillnad från en �super�ytande�. Så låt oss
göra om samma experiment, men vid mycket låg temperatur, och med �ytande
helium i sockerkaksformen istället.

Vi föreställer oss alltså �ytande helium i en ringformad form, som roterar
kring sitt centrum. Vid experimentets början låter vi temperaturen vara cirka
tre grader över absoluta nollpunkten, alltså 3 kelvin (K). Vi roterar formen
mycket sakta, och heliumet kommer rotera med behållaren, precis som vat-
tnet gjorde. Det intressanta händer om vi sedan sänker temperaturen så att
den blir lägre än 2.17K. Då kommer nämligen heliumet att upphöra att rotera,
även om vi fortsätter snurra på behållaren! Heliumet påverkas alltså inte län-
gre av friktionen från behållarens väggar. Denna e�ekt kallas ibland för Hess-
Fairbanke�ekten, efter dess upptäckare.

E�ekt nummer två som är ett tecken på super�ytande egenskaper kan verka
likartad men är egentligen ett något annorlunda fenomen. Vi börjar experi-
mentet precis som tidigare, men istället för att rotera behållaren mycket långsamt,
så får den nu snurra ganska fort. Återigen kommer helium vid 3K att rotera med
sin behållare. Men denna gång, om vi sänker temperaturen under den kritiska
punkten 2.17K, så kommer heliumet fortsätta snurra. Låt oss då sluta rotera
behållaren. Fascinerande nog så kommer heliumet fortsätta rotera, som om vi
aldrig stängt av behållarens rotation. Denna kvarvarande rotation i heliumet
kan fortsätta under mycket lång tid.

Det �nns alltså en tydlig likhet med superledande material: de kan ju leda
ström utan resistans, och på liknande sätt kan super�ytande ämnen �yta utan
viskositet.

Det är inte så lätt att se varför dessa fenomen skulle ha något med Bose-
Einstein-kondensat att göra, och det blir inte så väldigt mycket lättare efter
många års forskning - det exakta sambandet mellan super�ytande egenskaper
och BEC, om det �nns, är ännu omtvistat. Det är bland annat därför man vill
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studera BEC i metallgaser, för dessa är system vi förmår kontrollera mycket
väl experimentellt, och som vi också har viss kunskap om hur vi ska modellera
matematiskt. Och det är alltså det här sistnämnda jag har ägnat två år åt:
jag har tillämpat känd kvantmekanik för att göra beräkningar på ett system av
mycket kalla atomer.

Dessa kalla atomer är alltså i regel metallgaser, vilket kan låta som en para-
dox: metall i gasform vid mycket låg temperatur? Metall vill ju vanligtvis anta
fast form redan vid rumstemperatur. Så man går tillväga på så sätt att man
hettar först upp en metall, till exempel rubidium eller natrium, så mycket att
atomer börjar lämna metallytan och övergå i gasform. Sedan frånskiljer man
gasen från det som är kvar av den fasta metallen, och håller den i ett vakuum
så att metallgasen blir en miljon gånger tunnare än vanlig luft. Då kan man
kyla bäst man vill - avstånden mellan atomerna är så stora (stora med en atoms
mått mätt) att atomerna helt enkelt inte får tillfälle att bilda ett fast ämne. Jag
nämnde innan att helium blir super�ytande vid cirka 2.17K. Men för att uppnå
BEC i en metallgas krävs långt mycket lägre temperaturer: cirka 0.000 000 1K
krävs vanligtvis för att få alla atomer att sjunka ned i sitt lägsta tillstånd. Detta
är alltså bara hundra miljarddelars grad över absoluta nollpunkten.

Mitt första forskningsprojekt (pub-

Figure 2: En magnetfälla för atomer har
samma e�ekt som om varje atom satt
fast i sex stycken fjädrar.

licerat i artikel I) handlade om rota-
tion av Bose-Einstein-kondensat i en
speciell typ av behållare. Ett BEC
kan givetvis inte förvaras i en vanlig
sockerkaksform. Istället är det ofta
ett magnetfält som håller dem på plats.
Detta magnetfält kan ha olika form,
och beroende på dess form kommer
Bose-Einstein-kondensatet att bete sig
olika. Det vanligaste är att magnet-
fältet påverkar atomerna precis som
om de satt fast i sex stycken fjädrar,
med jämviktsläget i fällans centrum:
ju längre bort från magnetfältets cen-
trum en atom råkar be�nna sig, desto

starkare verkar fältet för att föra dem tillbaka till centrum. Krafter som fungerar
som fjäderkrafter är mycket vanliga och viktiga i fysiken och kallas för �har-
moniska�. Hur de verkar �nns illustrerat i Fig. 2. Så vad händer om vi roterar
ett BEC i en harmonisk magnetfälla?

Om vi börjar med att rotera riktigt långsamt, så händer faktiskt - ingenting.
Atomerna kommer vara stilla precis som heliumet i experimentet ovan. Men
om vi roterar med en viss hastighet, så kommer atomerna rotera, och bilda
något vi kan kalla en kvantvirvel. Denna påminner om virvlar som kan bildas
i �vanliga� gaser och vätskor; som tornados, eller små virvlar som uppkommer
efter en åra, och så vidare. Men det �nns en viktig skillnad: i en vanlig virvel
kan den roterande vätskan ha vilken hastighet som helst, men i kvantvirveln så
är bara vissa speci�ka hastigheter tillåtna (precis som med gasen i lådan).
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Figure 3: Ett Bose-Einstein-kondensat under ökande rotation. Figurerna är från
mina egna teoretiska beräkningar. Överst visas vad som händer i den vanliga
typen av fälla, och nederst ser vi utvecklingen när vi har den lite speciella
�anharmoniska� fällan som används i artikel I.

Om vi sedan har ytterligare högre rotationshastighet så kan det bildas två
virvlar, eller tre, eller fyra, eller hundra, beroende på hur hög hastigheten är.
Men i artikel I visar vi att om vi har en �anharmonisk� magnetfälla, som inte
beter sig exakt som en fjäder, så får vi inte ett ökat antal virvlar när vi ökar
rotationshastigheten. Istället förändras storleken på virvelns �kärna� - det som
kallas öga i orkaner, där allting är stilla. Först får vi en virvel precis som med den
vanliga magnetfällan. Men om vi roterar snabbare så får vi istället för två virvlar
en virvel med en större kärna. Och om vi roterar ännu snabbare så får vi en virvel
med en ännu större kärna. Som ni kanske redan gissat, så kan dock storleken
inte vara vilken som helst, utan ökningen sker i bestämda steg, och bara vissa
storlekar är tillåtna. Bilder på hur det kan se ut �nns i Fig. 3, där gasen är vit
och svart är tomrum. Dessa bilder är produkten av mina egna beräkningar. Den
beräkningsmetod jag har använt kallas diagonalisering och är mycket noggrann
(ibland till och med exakt), men med detta följer att man måste räkna på små
system, och inte kan studera alltför höga rotationshastigheter.

Min andra artikel (artikel II) handlar om Bose-Einstein-kondensat som består
av två komponenter. Dessa komponenter skulle till exempel kunna vara två olika
isotoper av samma atom, t.ex. 85Rb och 87Rb, båda vanligt förekommande i
BEC-experiment. Men jag har i den matematiska behandlingen förenklat be-
tydligt: båda komponenterna följer exakt samma lagar (det vill säga de skulle
vara av samma isotop), men de är särskiljbara. Detta kan låta som en trivialitet,
men det har djupgående konsekvenser i kvantmekanikens värld. Kvantmekaniska
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partiklar är nämligen generellt sett inte särskiljbara: om vi har två elektroner
som krockar med varandra, och en kommer in från höger och en från vänster,
så kan vi inte efter krocken säga vilken elektron som var vilken. Det �nns inget
sätt att märka elektroner! Atomer, däremot, kan under vissa förhållanden vara
�märkta�. Antag att vi har en atomtyp A och en atomtyp B. Vi kan skilja på
en A och en B, men vi kan inte skilja två olika A från varandra.

Detta har långtgående konsekvenser för den matematik som hanterar väx-
elverkan mellan atomerna. Om vi bara har atomer av A-typ, till exempel, så har
vi bara en typ av atomkrockar: atom A krockar med atom A. Om vi däremot
har A- och B-atomer, så har vi plötsligt tre olika krockar: A krockar med A, B
med B, eller en A med en B. Och detta gör skillnad för hur hela gasen beter sig.

Låt oss titta på de roterande kondensaten igen. Nu studerar vi ett roterande
system med lite färre atomer av A-sorten, och något �er av B-sorten. Vid en
långsam hastighet så kommer B-atomerna ligga stilla i mitten, medan A-sorten
roterar runt B! Och detta trots att de båda känner lika mycket av att vi roterar
magnetfältet som håller dem fångna. Om vi sedan ökar hastigheten, så kommer
situationen att bli den omvända: A kommer ligga still i mitten, och B rotera
kring A. Ökar vi sedan ännu mer, så kommer återigen B rotera kring A, men
nu med en större kärna, precis som med den speciella magnetfällan i föregående
artikel. Och faktum är att orsaken i de två fallen är densamma: de stillaliggande
A-atomerna har samma e�ekt på de roterande B-atomerna, som den speciella
magnetfällan hade på atomerna i förra artikeln.

Det hela �nns illustrerat i Fig. 4, där jag har ritat komponent A i lila, och
komponent B i grönt. Intressant att notera är att om vi tittar på hela gasens
densitet, i vitt, så syns inte längre virveln lika tydligt, eller ens över huvud taget.

Så vad ska då det här vara bra för, kan man fråga sig. Det �loso�ska svaret
på den frågan är: det vet vi inte än. Många stora upptäckter, från elektriciteten
till lasern, ansågs från början vara meningslösa kuriositeter. Jag har ägnat mig
åt en form av grundforskning, och min egen motivation har till stor del varit ren
ny�kenhet: här har vi en gas med ovanliga egenskaper. Hur ser dessa egenskaper
egentligen ut, och varifrån kommer de?

En mer konkret anledning kommer från det faktum att BEC i metallgaser
är system som vi förmår kontrollera mycket väl experimentellt, mycket bättre
än många andra system. Dessutom kan vi ofta även beskriva dem mycket väl
teoretiskt. Så det �nns en möjlighet att vi kan använda våra kunskaper om
BEC för att förstå andra, mer komplicerade fenomen i system som inte lika lätt
låter sig kontrolleras.

Men man kan även svara att syftet med forskningen heter atomtronik, eller
atomtronics på engelska. Idén är att man skapar kretsar där det är atomer som
för informationen vidare, istället för som i elektroniken, där det är elektroner
som står för transporten (elektrisk ström är ju elektroner som rör sig!). Kalla
atomer anses av vissa vara viktiga komponenter i framtida kvantdatorer, och det
�nns teorier för hur man kan skapa en transistor med hjälp av ett BEC. Flera
forskargrupper har idag lyckats integrera BEC i elektroniska mikrochip. De
ledningar som �nns i chipen skapar då magnetfält som utgör fällor för atomerna
i gasen, och gasen svävar ovanför chipet. En liten brasklapp kanske kan vara på
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Figure 4: Två-komponents Bose-Einstein-kondensat under rotation.

sin plats dock - vissa av dessa idéer är ganska vilda. Men det är delvis det som
gör Bose-Einstein-kondensation till ett så spännande forskningsområde idag.
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Preface

The subject of this licentiate thesis is rotational properties of Bose gases. This is
a rich �eld of research, and I have constrained myself to two situations: a single-
component Bose gas trapped in an anharmonic potential, and a two-component
gas in a purely harmonic potential. I have investigated these two systems by
diagonalizing the Hamiltonian.

In the �rst part of the thesis I give an introduction to the �eld and some
speci�c information regarding the systems under consideration. Chapter 1 is a
brief introduction to Bose-Einstein condensation in general. In Chapt. 2 I dis-
cuss some fascinating features of super�uidity, and motivate their mentioning in
the present thesis. A few experiments are discussed in Chapt. 3, to give a �avor
of what can be done in the laboratory. For reference, Chapt. 4 presents some
formalism of many-body quantum mechanics. Relevant quantities and opera-
tors used in subsequent calculations are introduced. The reader familiar with
many-body formalism can skip this chapter. Next, the perhaps most commonly
used tool to describe Bose gases - the Gross-Pitaevskii equation - is introduced,
Chapt. 5. A general understanding of this equation is very useful in interpreting
the results of our calculations. Finally in Chapt. 6 I give the speci�c background
for the anharmonically-trapped and two-component systems, followed by our re-
sults. Chapter 6 is a complement to Papers I and II, and I discuss the most
important results and show some extra �gures.

The thesis is based on two papers which you will �nd attached.:

• Paper I
Rotating Bose-Einstein Condensates Con�ned in an Anharmonic Poten-
tial, S. Bargi, G. M. Kavoulakis, and S. M. Reimann, Phys. Rev. A 73,
033613 (2006)

• Paper II
Mixtures of Bose Gases under Rotation, S. Bargi, J. Christensson, G. M.
Kavoulakis, and S. M. Reimann, Phys. Rev. Lett. 98, 130403 (2007).
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Chapter 1

Basics of Bose-Einstein
Condensation in Trapped,
Dilute Alkali Gases

Bose-Einstein condensation (BEC) is a remarkable state of matter which arose
great interest when it �rst was realized in dilute alkali gases in 1995. Its intrigu-
ing properties originate from the fact that in a bosonic system at low enough
temperature, a signi�cant fraction of the bosons condense into a single quan-
tum mechanical state (for a strict de�nition, see Sec. 5.1). From a theoretical
standpoint, BEC is old news: already in 1924 Einstein, based on Bose's work on
photons, realized that non-interacting massive bosons at very low temperatures
would all condense into their ground state.

At this time it was not obvious that interacting particles would also con-
dense. In 1938 some interesting experimental results turned up: Kapitza, and
independently Allen and Misener, managed to cool liquid 4He to below the so-
called λ point (∼ 2.17K) and discovered some of the phenomena by Kapitza
referred to as �super�uidity�. Already the same year F. London suggested that
the mechanism behind super�uidity was in fact Bose-Einstein condensation.
The connection between super�uidity and Bose-Einstein condensation has been
a question of some debate, however. Much e�ort was put into creating BEC in
a dilute gas, which theoretically is a more transparent system than a strongly
interacting liquid. But to actually create the gas in a laboratory, great technical
di�culties had to be overcome: in order to have a gas at very low temperatures,
we must avoid three-body collisions to refrain the system from solidifying. The
system must be very dilute to make these events rare enough. Which, in turn,
requires extremely low temperatures in order to reach BEC, as we shall see.

One can make a simple order-of-magnitude estimate for the critical tem-
perature, Tc, where quantum e�ects set in. In a Fermi gas, the behavior of
the system at low temperature is governed by Fermi-Dirac statistics, and in a
Bose gas, the Bose-Einstein statistics creates the possibility for BEC to occur.
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This interesting low-temperature region is reached when the average distance
between particles becomes of the order of their thermal de Broglie wavelength
[1, 2], so that the wavefunctions of the particles start to overlap. The thermal
de Broglie wavelength λT is given by

λT =

√

2π~2

MkBT
, (1.1)

where M is the particle mass, kB is the Boltzmann factor and T is the temper-
ature. If the number density of the gas is n, then the average distance between
particles is n−1/3, and thus our simple estimate n−1/3 ∼ λT gives

kBTc ∼ ~
2

M
n2/3. (1.2)

This is an estimate for a non-interacting uniform gas in three dimensions. For
a rubidium system with a density n ∼ 1013/cm3 (compare to air, which has
n ∼ 1019/cm3) the relation above gives a transition temperature of ∼ 50nK.
This temperature is extremely low; many orders of magnitude below that of the
λ point in liquid helium. It was not until 1995 that such temperatures were to
be reached.

The invention of laser cooling of alkali atoms [3] was the �rst step to reaching
low enough temperatures in any weakly-interacting system, and in 1995 Cornell
and Wieman at JILA, Boulder [4], and Ketterle at MIT [5], were the �rst to
report on achieved Bose-Einstein condensation in a dilute atomic gas (for Rb
and Na, respectively), for which they were awarded the Nobel prize in 2001.
Since then research on trapped, cold bosons has been an area of active research
on the experimental as well as on the theoretical side.

Cooling atoms, however, is not enough; one must also be able to con�ne them
in space, and to somehow probe the system. Con�nement is usually achieved
in magnetic or optical traps that create potential wells for the atoms. Under
normal conditions, the potential shape of the trap is well approximated by
a harmonic oscillator, but there are ways of creating all sorts of potentials.
Presently there is much reasearch on BEC in optical lattices, a system which
gives access to a whole new range of phenomena, and it might even be feasible
to mimic electrons moving in solids with atoms moving in optical lattices [6].

Probing of the system can be done in various ways, destructively or non-
destructively. The method most relevant for the present work is absorption
imaging of a cloud that has been allowed to expand: some structures which we
later will want to investigate, are too small to be seen directly by any in situ
imaging. So one lets the Bose-condensed atom cloud expand ballistically by
simply turning o� the trap, and after a suitable time laser light is shone on the
cloud. What emerges on the other side is recorded by some appropriate means.

Today, experiments have atom numbers ranging from a few thousands to a
few millions, the spatial extension of the condensate might be as large as half a
millimeter, and the life time can be minutes.
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The experimental controllability is perhaps the most attractive feature of
Bose-Einstein condensation in dilute alkali gases. I have already mentioned
how the experimenter can invent almost any potential of his or her choice, and
also change this potential in real time. Furthermore, the system is free from
impurities - a setup which cools and traps e.g. rubidium atoms, will trap only
this kind of atom. Yet if so desired, it is possible to keep a mixture of condensates
in one single trap. One can create mixtures of bosonic and fermionic atoms, for
example, or combine two di�erent bosonic alkali atoms, or one can create spinor
BECs, where several hyper�ne states of the atom co-exist in the same trap.
This possibility, as we shall see, is of great relevance for Paper II.

It is even possible to externally tune the interaction between the atoms
through a so-called Feshbach resonance. By applying a magnetic �eld, the
experimenter can decide whether the atoms should interact repulsively or at-
tractively; strongly or weakly.

In summary, there are many facts collaborating to make Bose-Einstein con-
densation a very fascination �eld of research. In this thesis, I investigate some
of the rotational properties of a weakly interacting Bose gas. To put this into
context, I brie�y discuss the phenomenon of super�uidity in the following chap-
ter.
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Chapter 2

Super�uidity

Why study the rotational properties of a cold Bose gas? At least part of the
reason is given in the present chapter: there is a phenomenon known as su-
per�uidity, which has been attributed to the presence of BEC. Super�uidity is
actually a whole class of di�erent phenomena, some of which show up strikingly
in the rotational properties of the �uid, and hence, once we have a system we
know is Bose condensed, we can investigate the relation between super�uidity
and BEC by rotating an extremely cold Bose gas. My presentation relies on
Leggett's review [7], and Balibar's paper on the discovery of super�uidity [8].

The term �super�uidity� was coined by Kapitza in Moscow in 1938 [9], in
analogy to superconductivity. It is quite remarkable that he should have some
intuition that these two indeed are closely connected, since at that time neither
e�ect was understood. Independently, Allen and Misener in Cambridge [10]
had made the same discovery: liquid 4He, cooled below the so-called λ point
(∼ 2.17K), could �ow through narrow capillaries without friction.

Already the same year that Kapitza, and Allen and Misener, published their
results, Fritz London suggested its connection to Bose-Einstein condensation
[11]. He noted that the cusp in the speci�c heat of liquid 4He resembled that
predicted for BEC, and he calculated the transition temperature and found it
to be 3.1 K, not very far from the measured temperature of the λ point. London
admitted that his model was rather daring, even suggesting it to be �so far from
reality that it simpli�es liquid helium to an ideal gas� [8]. Although London was
not completely in the right, the connection between BEC and super�uidity
turned out to stand the test of time.

Furthermore, it inspired Tisza to propose the �rst two-�uid model in the
same year [12]. Later, in 1941, Landau suggested a sligthly di�erent two-�uid
model [13], making further-stretching predictions. The essence of the two-�uid
model is that there is a normal component, behaving as a normal �uid with
non-zero viscosity, and a super�uid component, �owing with zero viscosity and
rotating with reduced moment of inertia. Landau realized that there is an
excitation gap for the super�uid component, which means that there cannot be
dissipation at low enough energies (velocitites): there is no way for the �uid to
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lose �just a little energy�, as it needs to do for there to be dissipation. Therefore,
below a certain critical velocity, the �uid must �ow without friction. Since then,
important contributions have been made by many authors, but for this I refer
the interested reader to the literature, see e.g. [7] and references therein.

Let us have a look at some consequences of super-

Figure 2.1: Cylindri-
cal container in which
the Hess-Fairbank e�ect
could appear.

�uidity. One is the super�uid analog to the Meissner
e�ect in superconductors, and it is often referred to as
the Hess-Fairbank e�ect [14] (in fact, several authors
try to attribute superconductivity to super�uidity in
a charged system [7]!).

Consider a cylinder like the one in Fig. 2.1, and
let us assume R ≫ d. Now, if we �ll the cylinder with
liquid helium at a temperature above the λ point, and
start to rotate the container very slowly, the helium
will after a short time come to equilibrium with the
container, rotating with the same velocity. However,
if the helium is subsequently cooled below the λ point,
it will slow down and come to a rest, even if the
container is still rotating.

A second manifestation of super�uidity is what
Leggett calls metastability of super�ow [7], but which
is often also referred to as persistent currents. Con-
sider the same setup as previously, but let us rotate the container much faster
before cooling. Again, the liquid will rotate with the same speed as the con-
tainer. But this time, if we cool the helium into the super�uid regime, it will
keep rotating, seemingly at the same speed. The spectacular e�ect sets in if
we now stop the rotation of the container: the helium will continue to rotate,
seemingly inde�nitely. It is, obviously, not in equilibrium with its environment,
but in a very long-lived metastable state. We will discuss this e�ect in relation
to Papers I and II in Chapt. 6.

Quantized vortices in dilute, weakly-interacting Bose gases are the subject
of this thesis, and they are yet another intriguing e�ect in rotating super�uids.
Vortices are familiar to us from macroscopic, classical �uids such as air forming
hurricanes, or water in kitchen sinks. One such vortex is seen in Fig. 2.2. The
important thing is that in normal �uids, the vortices are not quantized. I will
get back to the quantization in Sec. 5.5; for now I will simply give a general
description of what we mean by a vortex: a vortex in a �uid is characterized by
there being a velocity �eld that has non-zero rotation, and furthermore a point
where the velocity goes to in�nity. At this point, in order for the energy to be
�nite, the density of the �uid must vanish.
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Figure 2.2: Vortex in classical �uid (air): a vortex, visualized through the use
of colored smoke, forms in the wake of an airplane. From NASA [15].
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Chapter 3

Experiments on Rotating
Bose Gases

The possibility of creating a vortex state in a Bose-Einstein condensate attracted
some early experimental research. As discussed in the previous chapter, the exis-
tence of quantized vortices is one of the many intriguing super�uid phenomena.
However, the pioneers of the �eld thought they were facing great di�culties,
and in fact the �rst vortex in a BEC was achieved in a rather non-transparent
way as compared to later experiments. The condensate in the experiment of
the JILA group in 1999 [16], following the suggestion of Williams and Holland
[17], was created in a two-component condensate consisting of two internal spin
states of 87Rb. A microwave �eld, externally controllable, was used to introduce
coupling between the two states, and through this they could induce angular
momentum in one component, which would then form a quantized vortex when
the coupling was turned o�. In fact, this �rst vortex in a BEC was of the form
which is now called coreless, i.e. a vortex where the core is in fact not an �empty
hole�, but �lled with atoms of another kind, e.g. of a di�erent hyper�ne spin
state. We will have more to say about coreless vortices later.

Ensuing experiments by the group of Dalibard in Paris created vortices more
straight-forwardly through actually stirring a con�ned condensate with a laser
beam [18]. The beam creates a repulsive anisotropy in the otherwise symmetric
potential, and if this anisotropy is rotated it can induce rotation also in the
condensate. Dalibard and co-workers were able to stir the condensate at varying
rotational speed, and could in their �rst experiments create up to four vortices
in the condensate, depending on how fast they would rotate their laser. It was
noted that the vortices arranged symmetrically around the center of the trap,
and this was explained by there being an e�ective repulsive interaction between
vortices rotating in the same direction.

The similarities between the vortex lattice in a rotating BEC and the one in
a type-II superconductor has raised much interest, and particularly intriguing
is the matter of overlapping vortex cores: as the rotational frequency of a BEC
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is turned up, more and more vortices enter in order to accomodate the angular
momentum. What if the cores start to overlap? In the superconductors, the
answer is perhaps not so inspiring: the superconductor simply becomes normal.
A rotating BEC, however, does not have that option. Several suggestions have
been made, see e.g. the review [19], but the limit is intrinsically di�cult to reach
experimentally, since in a harmonic trap, as the rotation frequency becomes
equal to the trapping frequency of the harmonic oscillator, the centrifugal force
will exactly balance the trapping force and the condensate will no longer be
con�ned. Hence, delicate experimental control would be needed for this limit
to be reached.

Instead, another scheme has been suggested [20, 21], namely adding a faster-
rising term to the con�ning potential, e.g. a small quartic term. This would keep
the condensate con�ned also in the fast-rotation limit. Much theoretical work
has been put into this (see e.g. the reference list of Paper I), and an experiment
has been performed by Dalibard and co-workers in Paris [22]. Theoretically,
one has found the existence of stable multiply quantized vortices; something
not present in the simply harmonic potential case. Paper I extends the work
on multiply quantized vortices in slowly rotating BECs, and the notion itself is
explained in Sec. 5.5.

The calculations which led to Paper II in this thesis were inspired by the
experiment in Ref. [23]. Cornell and co-workers at JILA investigated the behav-
ior of a rapidly rotating two-component condensate, where the two components
were di�erent hyper�ne spin states of the 87Rb atom. We call the two states
simply |A〉 and |B〉. At the beginning of the experiment, a signi�cant amount
of atoms occupied the |B〉 state, and only much fewer the |A〉 state, and as
the condensate was rotated at a high speed, lattices of vortices formed in both
components. From the start, this lattice was the triangular Abrikosov lattice,
similar to the single-component scenario. However, as the condensate evolved,
the |B〉 component condensate gradually decayed and its atoms escaped from
the trap. Images clearly showed that before the |B〉 component decay was too
serious, a square lattice formed in each component. This is expected from a
two-component condensate where the atoms are mutually repulsive: the vortex
cores in one component are �lled up with atoms of the other species, thus de-
creasing the total interaction energy in the gas. However, the images produced
by the authors at JILA showed some �blurriness� at the early stages, where there
was expected to be some population imbalance between the two species, and
this was not satisfactorily explained in the paper. We thus became interested in
the problem of two rotating condensates, and particularly in the behavior when
these two are not equally populated.
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Chapter 4

Many-particle Quantum
Mechanics

The laws that govern quantum mechanics are now well-known among physicists.
It is also a familiar problem that even though we know the basic equations, it
might not be so easy to solve them. Hence there is a multitude of approximation
methods available, but sometimes it is actually possible to do the work from the
start (or set your computer to do it): set up your Hamiltonian matrix in a
suitable basis, and �nd its eigenenergies and eigenstates. The advantage is of
course, that if you have a large enough basis, you will really �nd the correct
eigenstates; and not only the ground state, but also the excited ones. On the
minus side is that the basis you need becomes overwhelmingly large already for
rather few particles, and for a system in reality containing several thousands to
millions, you might very well wonder at the use of diagonalizing the Hamiltonian
for making predictions. Still, and perhaps a little surprisingly, many conclusions
can be drawn: the size of the system seems to in�uence the qualitative behavior
of a rotating BEC in a very predictable way. This we can see from changing
the particle number in our system, and performing another diagonalization; and
also through comparing with other methods reliable for large systems. For BEC,
one typically relies on the so-called Gross-Pitaevskii equation, to which I will
return in Sec. 5.4.

4.1 Creation and Annihilation Operators: Quan-
tum Mechanics in Second Quantization

Many-body systems are conveniently treated within the formalism of second
quantization, where all operators are expressed in terms of creation and anni-
hilation operators. The following very short presentation follows the textbook
literature, see e.g. Refs. [24, 25, 26, 27].

For a single-particle system we can �nd a complete and orthonormal basis
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{|λ〉}, satisfying the completeness (or closure) relation
∑

λ

|λ〉 〈λ| = 1. (4.1)

For a continuous basis we have the closure relation
∫

dr |r〉 〈r| = 1. (4.2)

We want to �nd a basis for a system of N particles. In the �rst steps,
the notation will be rather extensive in order to keep things unambigous. We
denote by {|λ(i)〉} the basis for particle i. A particular element k in this basis
is denoted |λk(i)〉. Now, an element in the many-particle basis is given by a
certain combination of single-particle states. We denote it

|λk1
(1) λk2

(2)...λkN
(N)〉 , (4.3)

which means that this particular basis state describes a situation where particle
1 is in state λk1

, particle 2 in the state λk2
, and so on. What do these states look

like? We want them to be normalized, orthogonal, and furthermore completely
symmetric or anti-symmetric, depending on whether the system is bosonic or
fermionic. This is achieved if we take the following de�nition [25, 27]:

|λk1
(1)λk2

(2)...λkN
(N)〉 =

1
√

N !
∏

ki
nki

!

∑

P

ςP |λk1
(P1)〉⊗|λk2

(P2)〉⊗...⊗|λkN
(PN )〉 .

(4.4)
The nki

are the occupation numbers, i.e. the number of times the state |λki
〉 is

present on the left hand side. The sum runs over all possible permutations of
particles; the P1 stands for a permutation of particle 1. Finally, the constant ς is
+1 for bosons and −1 for fermions, which asserts the symmetry or antisymmetry
of the state. The normalisation of these states is such that

〈λk1
...λkN

|λk1
...λkN

〉 = 1. (4.5)

There is a convenient way of writing a many-body state referring to a pre-
decided basis, called the Fock notation. In this, we assume that the order in
which we write our basis states |λki

〉 inside the ket for the many-body state, is
always the same. Then we need not specify the single-particle basis states every
time we write a ket, but we simply write the occupation numbers nki

in their
place, so that e.g., for 2 particles in the �rst state, 1 in the third, and none in
the others, we write

|nk1
nk2

nk3
...〉 = |n1 n2 n3...〉 = |2 0 1 0...〉 . (4.6)

In the following, we will always assume we are dealing with a system of
bosons. The corresponding formalism for fermions can be found in the textbook
literature. Operators will always be marked with a hat.
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The boson creation and annihilation operators, â†
λk

and âλk
, can be conve-

niently de�ned from their action on the many-body basis in Fock notation,

â†
λk

|n1 n2...ni...〉 =
√

nk + 1 |n1 n2...(nk + 1)...〉 ,

âλk
|n1 n2...ni...〉 =

√
nk |n1 n2...(nk − 1)...〉 . (4.7)

We see that these operators create or annihilate a particle in the state |λk〉.
Thus, we can also write the action of the creation operator on the vacuum state
|0〉, as

â†
λk

|0〉 = |λk〉 , (4.8)
and we �nd the corresponding wavefunction as

〈r| â†
λk

|0〉 = 〈r |λk〉 = φλk
(r). (4.9)

The boson creation and annihilation operators obey the following commu-
tation relations:

[

â†
λk

, â†
λl

]

= â†
λk

â†
λl

− â†
λl

â†
λk

= 0 = [âλk
, âλl

] , (4.10)
[

âλk
, â†

λl

]

= δkl. (4.11)

These important relations are a consequence of the symmetry requirement for
the bosonic system.

We will need to transform between di�erent bases, and to write the creation
and annihilation operators in terms of these. We drop the index k and let |λ〉
etc. denote an arbitrary state in the basis {|λ〉}. A basis transformation from
{|λ〉} to {|µ〉} is given by

|µ〉 =
∑

λ

|λ〉 〈λ |µ〉 . (4.12)

Now, we rewrite the wavefunction 〈r| â†
µ |0〉[27]:

〈r| â†
µ |0〉 = 〈r |µ〉 =

∑

λ

〈r |λ〉 〈λ |µ〉 =

∑

λ

〈λ |µ〉 〈r| â†
λ |0〉 = 〈r|

∑

λ

〈λ |µ〉 â†
λ |0〉 . (4.13)

Hence we have the operator equation

â†
µ =

∑

λ

〈λ |µ〉 â†
λ. (4.14)

The annihilation operators satisfy the adjoint equation,

âµ =
∑

λ

〈µ |λ〉 âλ. (4.15)
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The basis of eigenfunctions {|r〉} (ignoring spin) of the position operators,
are very important. Their creation and annihilation operators are called �eld
operators, and their interpretation is that they create or destroy a particle at a
given position in space. The operator ψ̂†(r) creates a particle located at position
r, and the adjoint operator ψ̂(r) annihilates a particle at r. We can express the
�eld operators in any basis by using Eqs. (4.14) and (4.15), which yields

ψ̂†(r) =
∑

λ

〈λ |r〉 â†
λ =

∑

λ

φ∗
λ(r)â†

λ, (4.16)

ψ̂(r) =
∑

λ

〈r |λ〉 âλ =
∑

λ

φλ(r)âλ. (4.17)

4.2 The Hamiltonian in second quantization
The creation and annihilation operators create a basis for other operators - all
operators can in fact be expanded in terms of these, which the above relations
are an example of. Hence, we can write the Hamilton operator in second-
quantized form, which will greatly simplify our treatment. The Hamiltonian
will contain single-particle operators, such as the kinetic energy operator and
the external potential, and two-particle operators that govern the interaction
between particles. In general, we could also have many-body operators, but for
the description of a dilute gas and the particular type of interaction we will use
(see Sec. 5.2), these are not needed.

A general many-body Hamiltonian of this form is written

Ĥ = T̂ + V̂ext + V̂int. (4.18)

We discuss the single-particle operators T̂ and V̂ext �rst. They are both of the
form

Û =

N∑

i=1

ûi, (4.19)

where each ûi is a single-particle operator acting on one particle only. It can be
shown that such an operator can be written in second quantization as [25, 26]

Û =
∑

λµ

〈λ| û |µ〉 â†
λâµ =

∑

λµ

Uλµâ†
λâµ, (4.20)

where Uλµ is the matrix element

Uλµ = 〈λ| û |µ〉 =

∫

drφ∗
λ(r)ûφµ(r). (4.21)

Commonly, but not exclusively, one chooses one's basis functions to be the
eigenfunctions of the single-particle Hamiltonian. In this case, we see directly
from Eq. (4.21) that the matrix elements Tλµ and Vλµ are simply the kinetic
and potential energies, and the double sums reduce to single sums over all basis
states.
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A two-particle operator can be expressed in second quantization as

V̂ =
1

2

∑

λµνρ

〈λµ|v̂|νρ〉 â†
λâ†

µâρâν , (4.22)

where the matrix element now is a double integral:

〈λµ|v̂|νρ〉 =

∫

dr

∫

dr′φ∗
λ(r)φ∗

µ(r′)v̂(r, r′)φν(r)φρ(r
′). (4.23)

The sum in Eq. (4.22) runs over all possible combinations of two states. The
equation is valid for fermions as well as bosons - note the order of the annihilation
operators, which is important för fermions, but not for bosons. Furthermore, the
�normal ordering�, which puts all creation operators to the left of all annihilation
operators, ensures that we do not count the interaction of a particle with itself.

So far we have de�ned everything quite generally. The Hamiltonian for our
particular system will be speci�ed in Chapt. 6.

4.3 The Schrödinger Equation in Matrix Form -
Diagonalization

Our aim is to �nd the eigenenergies and eigenstates of a general, time-independent
Hamiltonian. We start from the eigenvalue equation for the Hamilton operator:

Ĥ |φ〉 = E |φ〉 , (4.24)

letting |φ〉 be a particular many-body eigenstate of the Hamiltonian Ĥ corre-
sponding to an eigenenergy E. To keep the notation simple, we write a many-
body basis |λk1

(1) λk2
(2)...λkN

(N)〉 ≡ |αk〉, and describe |φ〉 by its expansion
in a complete orthogonal basis:

|φ〉 =
∑

k

|αk〉 〈αk|φ〉 ; (4.25)

the eigenstates are known if the expansion coe�cients 〈αk|φ〉 are known. The
eigenvalue equation now reads

∑

k

Ĥ |αk〉 〈αk|φ〉 = E
∑

k

|αk〉 〈αk|φ〉 . (4.26)

Next we multiply both sides of this equation with a particular state, say 〈αl|.
This gives

∑

k

〈αl| Ĥ |αk〉 〈αk|φ〉 = E
∑

k

〈αl|αk〉 〈αk|φ〉 = E 〈αl|φ〉 . (4.27)

We now have an equation for the particular expansion coe�cient 〈αl|φ〉, but it
depends on all other coe�cients 〈αk|φ〉. There is one equation such as Eq. (4.27)
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for every coe�cient. This system of equations quite clearly can be written in
matrix form:






〈α1| Ĥ |α1〉 〈α1| Ĥ |α2〉 · · ·
〈α2| Ĥ |α1〉 〈α2| Ĥ |α2〉

... . . .











〈α1|φ〉
〈α2|φ〉

...




 = E






〈α1|φ〉
〈α2|φ〉

...




 , (4.28)

and it is still an eigenvalue equation

Hc = Ec, (4.29)

but now for the matrix H (the identi�cations made between Eqs. (4.28) and
(4.29) are meant to be obvious). The problem has been transformed from solving
a di�erential equation to �nding eigenvectors and eigenenergies of a matrix
(�diagonalization�). There are of course as many eigenvectors and eigenvalues c

and E, as there are elements in our basis, i.e. rows in c. In general, this number
is in�nite. Hence, in any realistic calculation, the basis has not only to be wisely
chosen, but also heavily truncated. Despite this, the diagonalization method is
sometimes called �exact diagonalization�.

We now, perhaps, see why we went through all the formalism in the previous
two sections. In general, our states |α〉 will be complicated many-body states.
But if we use the Fock notation, then the action of the annihilation and creation
operators is well-de�ned, and easily programmed on a computer. Writing the
Hamiltonian in terms of creation and annihilation operators for the appropriate
basis, we have made the numerical solution of the problem manageable.

4.4 Wavefunctions, Densities, and
Symmetry Breaking

The full wavefunctions are very complicated functions of many variables, and
cannot be illustrated directly. Our observable is, e.g., the density. Let us follow
Ref. [26] to see how to calculate this.

De�ne an operator

n̂(r) =

N∑

i=1

δ(r − r̂i), (4.30)

where r̂i is the position operator for the ith particle, and r is a parameter.
Now we use the operator transformation Eq. (4.20) to write this in second
quantization:

n̂(r) =
∑

λµ

Uλµâ†
λâµ, (4.31)

with
Uλµ = 〈λ|δ(r − r̂)|µ〉 . (4.32)
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Hence, we arrive at
n̂(r) =

∑

λµ

φ∗
λ(r)φµ(r)â†

λâµ. (4.33)

From the de�nition of the �eld operators, Eqs. (4.16), we see that this can also
be written

n̂(r) = ψ̂†(r)ψ̂(r). (4.34)
Now we take the average of this operator in some many-body state Ψ(r1...rN ),
using the expression in Eq. (4.30):

〈Ψ|n̂(r)|Ψ〉 =
∫

· · ·
∫

dr1 · · · drNΨ∗(r1...rN )

N∑

i=1

δ(r − r̂i)Ψ(r1...rN ) = (4.35)

N

∫

· · ·
∫

dr2 · · · drNΨ∗(r, r2...rN )Ψ(r, r2...rN ).

In the last step we have used the fact that the wavefunction Ψ is symmetric under
interchange of any two particles, and hence it does not matter which N − 1 of
the variables we integrate over. We see that the average of the operator n̂(r)
gives the number density n(r) at position r. Hence n̂(r) is called the density
operator.

But we can also see n̂(r) as the diagonal element of another operator, n̂(r, r′).
With

n̂(r, r′) = ψ̂†(r)ψ̂(r′), (4.36)
we can de�ne the density matrix as

n(r, r′) ≡ 〈Ψ| ψ̂†(r)ψ̂(r′) |Ψ〉 , (4.37)

where Ψ again is a particular many-body state.
Alternatively, we can de�ne it in terms of the creation and annihilation

operators,
n(r, r′) ≡

∑

λµ

〈λ|r〉 〈Ψ| â†
λâµ |Ψ〉 〈r′|µ〉 , (4.38)

or in coordinate representation as an integral

n(r, r′) ≡ N

∫

· · ·
∫

dr2 · · · drNΨ∗(r, r2...rN )Ψ(r′, r2...rN ). (4.39)

To illustrate the composition of the wavefunction, we sometimes use the
single-particle occupation numbers nλ. These are de�ned as

nλ = 〈Ψ| â†
λâλ |Ψ〉 , (4.40)

and are interpreted as counting the number of particles in the single-particle
state |λ〉. In a non-interacting system where the |λ〉 are eigenstates of the system
Hamiltonian, the nλ are always integers (0 or 1 for fermions, any non-negative
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number for bosons). This is in general not the case, however, when interac-
tions are introduced. The occupation numbers give us an idea of how much a
particular single-particle wavefunction contributes to the full wavefunction.

We can calculate the diagonal density from a many-body wavefunction em-
ploying one of the expressions above (most conveniently using Eq. (4.33) under
many circumstances). However, one should be careful when comparing this with
experimental results. In our calculations we consider circularly symmetric po-
tentials, and the density calculated from diagonalization will retain this circular
symmetry. In an experiment, though, it is very di�cult to achieve perfect rota-
tional symmetry. There will almost certainly be tiny perturbations that break
the symmetry, and the structure seen in experiments can seem to di�er from the
theoretically calculated one. Furthermore, many approximation methods used
for theoretical calculations do not retain the circular symmetry of the original
Hamiltonian, and so it is useful to have a method which reveals the internal
structure of the diagonalization wavefunction.

In this work, we calculate what is often referred to as the pair-correlation
function, or conditional probability density. This amounts to ��xing� one parti-
cle at a certain position in space, and then calculating the probability distribu-
tion for the remaining N − 1 particles. The de�nition in coordinate space, with
rA as a parameter, and r as a variable, is [28]

P (r; rA) =

∑

i 6=j 〈Ψ| δ(r − r̂i)δ(rA − r̂j) |Ψ〉
(N − 1)

∑

j 〈Ψ| δ(rA − r̂j) |Ψ〉 . (4.41)

As we see, this corresponds to calculating the simultaneous probability of having
one particle at a �xed location rA, and an other at locaction r. The procedure
breaks the symmetry of the wavefunctions and may show internal structures
otherwise not visible in the density, but one has to be careful. There is an
inherent arbitrariness in determining the position of the ��xed� particle. One
must consider the system's response to di�erent choices of rA before drawing
conclusions.
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Chapter 5

Theory of Bose-Einstein
Condensation

5.1 Strict de�nition of Bose-Einstein condensa-
tion

BEC is usually de�ned in terms of eigenvalues of the single-particle density
matrix according to either of Eqs. (4.37), (4.38) or (4.39). Since the density
matrix is Hermitian, it can always be diagonalized with real eigenvalues ni.
When one of these is of macroscopic order, i.e., of the order of the total number
of particles N , one de�nes the system to be Bose-Einstein condensed [29]. A
common expression is that �all particles are condensed into one single-particle
state�. We note, though, that this single-particle state is an eigenstate of the
single-particle density matrix, and that these eigenstates in general are not
eigenfunctions of e.g. the single-particle part of the Hamiltonian for the system.

The eigenfunction corresponding to the macroscopic eigenvalue is often called
the condensate wavefunction, and it takes the role of an order parameter, from
which thermodynamic quantities can be evaluated [29]. If there is more than
one eigenvalue that is of the order of N , one can still have a condensate but it
is in this case said to be fragmented. Furthermore, under most circumstances
interactions deplete the condensate, so that a macroscopic fraction of the par-
ticles still occupy the same state, but there are also small (often negligible)
occupancies of other single-particle states.

A complication for this thesis is that the systems under study (in order
to keep the dimensions of the problem reasonable) contain as few as ∼ 20
particles, which makes it questionable to talk about a condensate using the
above de�nition. However, our treatment of the system does neither assume nor
require that the system is condensed, and so the results are valid independently
of the de�nition. As we will see, our results for small systems can be easily
generalized to larger systems, motivating the present approach.
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5.2 Interactions in BEC
Neither Bose nor Einstein incorporated interactions in their theory, and BEC
was by some believed to be an artifact of this, and not a real e�ect. However,
although interactions dramatically modify some properties of the Bose gas, they
do not inhibit the formation of BEC. We have already mentioned that an inter-
acting condensate will be depleted even at zero temperature, or in other words,
the condensate fraction N0/N (number of atoms in the condensate/total num-
ber of atoms) will be less than one. In fact, for liquid 4He below the λ point,
which is a strongly interacting system believed to exhibit BEC, the condensate
fraction never gets higher than about 10% [1]. This is one of the advantages
of studying the e�ects of Bose-Einstein condensation in cold atomic gases: at
very low temperatures, the depletion of the condensate can normally be safely
ignored.

Another advantage is that the interaction is very easily handled mathemat-
ically. Neutral atoms interact via the van der Waals interaction, −α/(r − r′)6,
plus a hard-core repulsion at short distance. But, one can show that under cer-
tain circumstances, it is possible and indeed appropriate to work with a much
simpler potential, a contact interaction potential. The �rst requirement is that
the Bose gas is dilute. If n is the number density of the gas, then the average
distance between particles d = n−1/3, and the gas is dilute if this is much larger
than the relevant distance for the interaction. We call this distance as, since as
it turns out, it corresponds to the s-wave scattering length. So the criterion for
diluteness is

|as| ≪ n−1/3. (5.1)
For the real interatomic scattering potential, the scattered wave is a complicated
function that has rapid variations in space. However, these variations occur very
close to the scattering center. In a dilute gas, where we study phenomena on a
much larger range, they will not be of any importance and can safely be ignored.

Moreover, the energy has to be low. If the the temperature is well below the
critical temperature for BEC, then from Eq. (1.2), we �nd that our momenta
always satisfy

pd

~
≪ 1. (5.2)

It can be shown that for such small momenta, the scattering is independent of
the exact scattering energy, and furthermore isotropic. I will not go through
the details of the full derivation, but refer the reader to e.g. Refs. [1, 2, 30].

In the end, we are left with an e�ective interaction potential which assumes
the form

U0δ(r − r′) =
4π~

2as

M
δ(r − r′). (5.3)

This potential is often called a pseudo-potential, when it is used instead of the
bare, real interatomic one. It involves the s-wave scattering length as as the
only parameter. As mentioned in Chapt. 1, it can be positive or negative, and
arbitrarily large or small, variable through Feshbach resonances. Note though
that close to a Feshbach resonance, condition Eq. (5.1) is no longer satis�ed.
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5.3 The order parameter
It is appealing that for Bose-Einstein condensates we can neatly get rid of the
many degrees of freedom that a general many-body systems exhibits if we work
with a condensate wavefunction instead of the full many-body wavefunction.
Let us assume full condensation, which in words means that all particles occupy
the same single-particle state. If φ0(r) is the wavefunction for one particle in this
state, then the properly symmetrized many-body wavefunction ΦN (r1, ..., rN )
for N particles would be a simple product state (compare to Eq. (4.4)):

ΦN (r1, ..., rN ) =

N∏

i=1

φ0(ri). (5.4)

To get rid of all the coordinates ri, we can de�ne an order parameter, Ψ0(r), as

Ψ0(r) =
√

N0φ0(r). (5.5)

This is an enormous simpli�cation, since we now have a function of a single
spatial variable. The order parameter is also called the condensate wavefunction,
for obvious reasons. For full and simple condensation, N0 = N . In the presence
of interactions and/or non-zero temperature, we get depletion of the condensate,
so that some particles will have wavefunctions other than φ0. As long as we have
BEC, however, we will have macroscopic occupancy of only one state, so that
N0 ≈ N . In the following section we will derive an e�ective wave equation for
the condensate wavefunction.

5.4 The Gross-Pitaevskii equation
The Gross-Pitaevskii (GP) equation is probably the most commonly used tool
for describing Bose-Einstein condensation in dilute gases. As we shall see, it
handles the particle interaction as a mean-�eld potential; furthermore, in the
derivation, the total particle number is assumed to be large. In this respect, it
is complimentary to the diagonalization method.

The central point is that in Bose-Einstein condensation, the single-particle
ground state is assumed to be macroscopically occupied. Thus, one can make an
ansatz for the many-body wavefunction as a simple product state, and de�ne the
order parameter as is done in Eq. (5.5). By writing down the energy functional in
this state and minimizing it with respect to variations in the order parameter (or
actually in its complex conjugate), one arrives at the Gross-Pitaevskii equation.
The following derivation relies on the presentation in Ref. [1].

We start from a Hamiltonian

Ĥ =
∑

i

(
p̂2

i

2M
+ V (r̂i)

)

+ U0

∑

i<j

δ(r̂i − r̂j), (5.6)

consisting of a kinetic energy term, a potential energy term, and a two-body
contact interaction term. The expectation value of the energy, in terms of the
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condensate wavefunction of Eq. (5.5), in this Hamiltonian is

E [Ψ0] =

∫

dr

(
~

2

2M
|∇Ψ0|2 + V (r) |Ψ0|2 +

1

2
U0 |Ψ0|4

)

. (5.7)

It is instructive to explicitly calculate e.g. the kinetic energy term and the in-
teraction term. The potential energy term is then trivial.

We start from the many-body wavefunction of Eq. (5.4). The kinetic energy
operator is a sum of single-particle operators, and since the many-body product
state ΦN (r1, ..., rN ) is symmetric, the kinetic energy Ekin [ΦN ] is a sum of N
identical integrals:

Ekin [Φ] =

N∑

i=1

∫

dr1...drN

(

φ∗
0(r1)...φ

∗
0(rN )

p̂2
i

2M
φ0(r1)...φ0(rN )

)

. (5.8)

Replacing the momentum operator with its coordinate representation, and mak-
ing use of the normalization of the single-particle eigenfunctions φ0(ri), we �nd

Ekin [Φ] = − ~
2

2M

N∑

i=1

∫

dri

(
φ∗

0(ri)∇2φ0(ri)
)
. (5.9)

Each integral in this sum can be integrated by parts, and we �nd the total
kinetic energy

Ekin [ΦN ] =
~

2

2M
N

∫

dr |∇φ0(r)|2 =
~

2

2M

∫

dr |∇Ψ0(r)|2 . (5.10)

Now let us calculate the interaction energy. This amounts to evaluating the
expression

Eint [ΦN ] = 〈ΦN (r1, ..., rN )|U0

∑

i<j

δ(ri − rj) |ΦN (r1, ..., rN )〉 . (5.11)

Inspecting the sum, we �nd that there are N(N − 1)/2 terms, each equal to
U0

∫
dri |φ0(ri)|4. Hence, if we neglect terms of order 1/N , we �nd that

Eint ≈
U0

2

∫

dr |Ψ0(r)|4 . (5.12)

Now that we have the energy functional, we use the variational principle.
By minimizing this with respect to variations in the condensate wavefunction,
we can �nd an approximation to the ground-state energy and wavefunction. In
order to preserve the norm of the condensate wavefunction,

N =

∫

dr |Ψ0(r)|2 , (5.13)

we introduce a Lagrange multiplier µ. Consequently our minimization require-
ment is

δE − µδN = 0. (5.14)
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From this equation we see that

µ =
δE

δN
, (5.15)

so our Lagrange multiplier is in fact the chemical potential for the system.
The condensate wavefunction Ψ0 is a complex quantity. Hence it can be

regarded as being given by two real functions, its real and imaginary parts,
which should be considered independent. This is equivalent to regarding Ψ0 and
its complex conjugate Ψ∗

0 as independent functions. By taking the variation δE
as the variation with respect to Ψ∗

0, Eqs. (5.7), (5.13) and (5.14) now yield the
(time-independent) Gross-Pitaevskii equation for the condensate wavefunction:

− ~
2

2m
∇2Ψ0(r) + V (r)Ψ0(r) + U0 |Ψ0(r)|2 Ψ0(r) = µΨ0(r), (5.16)

which takes the form of a non-linear Schrödinger equation. It is clear that this is
a mean-�eld equation for the interaction: the interaction energy is proportional
to the density of the condensate n(r) = |Ψ0(r)|2.

There is of course also a time-dependent version of Eq. (5.16) [1, 2]:

− ~
2

2m
∇2Ψ0(r) + V (r)Ψ0(r) + U0 |Ψ0(r)|2 Ψ0(r) = i~

∂Ψ0(r)

∂t
. (5.17)

From this we can derive two hydrodynamic equations, that equally well describe
the condensate. They are called hydrodynamic since they are very similar to
the continuity and Euler equations for a regular �uid, and as we will see in the
next section, they are helpful when understanding the behavior of a rotating
Bose gas.

We start by writing the condensate wavefunction as

Ψ0(r, t) =
√

n(r, t)eiS(r,t), (5.18)

i.e. in terms of a density and a phase. Inserting this into Eq. (5.17) and multi-
plying by Ψ∗

0, we get one equation each for the real and imaginary parts.
One of these gives

∂n

∂t
+ ∇

(

n
~

M
∇S

)

= 0. (5.19)

This is not a very transparent expression, but if we introduce a current density
j as

j(r, t) = n
~

M
∇S, (5.20)

the equation takes the form of a continuity equation for the density:

∂n

∂t
+ ∇ · j = 0. (5.21)
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The de�nition of the current involves the density n times some quantity
~/M · ∇S. Thus it is natural to de�ne this as a velocity vs, which we will call
the super�uid velocity:

vs =
~

M
∇S. (5.22)

Note that the current also can be written as

j(r, t) = − i~

2M
(Ψ∗

0∇Ψ0 − Ψ0∇Ψ∗
0) . (5.23)

The second equation appears as a force equation

M
∂vs

∂t
= −∇

(

µ̃ +
1

2
mv2

s

)

, (5.24)

where
µ̃ = V + nU0 −

~
2

2M
√

n
∇2

√
n.

This has the form of a potential, where the last term is the quantum pressure.

5.5 Rotation in the mean-�eld picture
The hydrodynamic equations can be used to gain some insight into the rota-
tional properties of a BEC. The fact that the super�uid velocity, Eq. (5.22), is
proportional to the gradient of the phase is important. Since the rotation of a
gradient must be zero for a continuous and well-behaved function, we see that
our condensate �ow has to be irrotational, unless there are singularities in the
condensate wavefunction.

The condensate wavefunction has to be single-valued so if we integrate the
phase along a closed contour it can only change by multiples of 2π. So we have

∆S =

∮

∇S · dl = 2πm, (5.25)

where m has to be an integer number. Thus we see that the circulation Γ around
a closed contour is quantized:

Γ =

∮

vs · dl =
~

M
2πm =

h

M
m. (5.26)

Remember that we use M to represent mass, and that m is an integer referred
to as the winding number.

The fact that the circulation of the super�uid velocity is quantized has far-
reaching consequences. In fact, this is the mechanism behind the vortices that
are at the center of this thesis. Vortices, and non-zero circulation, occur also in
classical �uids. However, in quantum �uids the circulation is quantized, which
gives rise to spectacular quantum e�ects on a macroscopic (or mesoscopic) scale.
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We remind ourselves that a vortex has a velocity �eld with non-zero circula-
tion around a closed loop around some point in space, and a vanishing density
at this location. Let us see how a vortex solution agrees with the GP Eq. (5.16).
Assuming rotation around one axis of the system, for example the z axis, and
introducing cylindrical coordinates (ρ, ϕ, z), a solution to the GP equation that
corresponds to rotation is given by

Ψ0(r) = eimϕ |Ψ0(ρ)| , (5.27)

m being an integer. Rotation in quantum mechanics is detected via the pres-
ence of non-zero angular momentum, and by applying the angular momentum
operator ℓ̂z, which has the coordinate representation −i~∂/∂ϕ, we �nd that
the angular momentum of the condensate wavefunction Eq. (5.27) is equal to
m~. From the de�nition of the order parameter, Eq. (5.5), we see that the total
angular momentum must be Lz = Nm~. The super�uid velocity is tangential
and from Eq. (5.22) given by

vs =
~

M

m

ρ
. (5.28)

This expression is fundamentally di�erent from rigid-body rotation: for a normal
system the velocity �eld will follow the rigid-body relation

v = Ω × r, (5.29)

i.e., the further from the center of rotation, the greater the speed. For a vortex,
however, the speed of rotation is proportional to the inverse of the distance
from the center of rotation.

In a fast-rotating condensate, we can retrieve again the rigid-body result. In
this case, the Bose cloud will be pierced by many vortices forming a lattice, and
on a larger scale as we take the average, the velocity �eld will follow Eq. (5.29).

5.6 Attractive condensates
For a gas of attractive bosons, the situation is more delicate than for the re-
pulsive case and there are special requirements we need to make: an attractive
system is prone to collapse, so a condensate can only exist in a meta-stable
con�guration. Following Ref. [2], let us discuss some of the features starting
from the energy functional of Eq. (5.7). We make the ansatz suitable for the
ground state in a spherical harmonic trap: a Gaussian order parameter in three
dimensions,

Ψ0 =

(
N

R3π3/2

)1/2

e−r2/2R2

. (5.30)

Here R is the typical extension of the atomic cloud.
The three terms in the energy functional Eq. (5.7) can be straightforwardly

calculated to give the kinetic energy

Ekin =
3~

2N

4MR2
, (5.31)
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Figure 5.1: Energy per particle as a function of the dimensionless parameter α
which determines the size of an attractive condensate. The energy for a con-
densate in a spherical trap is plotted as solid lines, and the dotted lines give the
result for the corresponding homogeneous Bose gas. If the dimensionless pa-
rameter N |as| /aosc is not too large, there is a metastable state for the trapped,
attractive gas.
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the potential energy of the trap

Etrap =
3

4
NMω2R2, (5.32)

and the interaction energy
Eint =

N2U0√
32πR3

. (5.33)

Now, if we have attractive interactions, then as < 0, which means U0 =
4π~

2as/M < 0. Using the oscillator length aosc =
√

~/Mω, we can write the
total energy as a function of a dimensionless parameter α by setting R = αaosc.
We measure the energy per particle in units of ~ω, which gives

Etot(α)/N~ω =
3

4

(
1

α2
+ α2

)

− 1√
2π

N |as|
aosc

1

α3
. (5.34)

In the homogeneous case, where the trap energy term ∝ α2 is missing, we see
that the attractive condensate is never stable: the interaction energy goes to
minus in�nity for increasing density and the condensate collapses. However,
in the trap, it is the value of the dimensionless parameter N |as| /aosc that
determines whether the function E(α) can have a local minimum, and hence
whether there is some size for the condensate where it is meta-stable. Eq. (5.34)
is plotted in Fig. 5.1 for di�erent values of N |as| /aosc; the dotted lines show
the corresponding homogeneous case. We clearly see that the trap is necessary
for there to be a local minimum in the energy, and hence a size of the attractive
cloud for which it can have a �nite lifetime. Under rotation, the centrifugal force
further helps to balance the negative interaction energy, so that you can have a
meta-stable condensate at even larger magnitudes of the scattering length.
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Chapter 6

Rotating Bose Gases

My research has been concerned with two di�erent set-ups of rotating Bose
condensates: a single-component gas in an anharmonic trapping potential, and
a mixture of two condensates in a harmonic potential. The two systems have
a lot in common, and in fact more than what can be seen from the start.
In diagonalizing the Hamiltonian we solve the eigenvalue problem, and we do
not involve a condensate wavefunction and assume BEC from the start, as is
done in the scheme of the Gross-Pitaevskii equation. Instead we obtain the full
many-body wave function, lowest-energy states as well as excited ones, and by
plotting the density, pair-correlations, dispersion relations and single-particle
occupancies, we are able to draw conclusions about the state of the system.
In Sec. 6.1, I discuss �rst some results that are of interest for both papers,
before giving a brief background as well as collecting the results for the papers
in Secs. 6.2 and 6.3.

6.1 Single-Component BEC in a Harmonic Trap
We start by making some considerations for the basis. In principle this could be
any complete, orthonormal basis. However, from computational considerations,
we want to chose it with some care. If we take the eigenstates of the single-
particle harmonic oscillator, or anharmonic oscillator in the case of Paper I,
we get a physically motivated truncation as we shall see: a basis in the lowest
Landau level is a wise choice for a rotating, weakly-interacting condensate.

Motivated by the experimental situation as well as theoretical interest, we
start by making some restrictions on the dimension of the system. Most real
systems are three-dimensional; however, one learns a lot by starting from the
simpler case of a two-dimensional system. This is also relevant for experiments,
since oblate traps are easily conceived in the laboratory. It is natural to work
in cylindric coordinates (ρ, ϕ, z), and for one particle in a harmonic oscillator
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potential, we start with the eigenvalue problem

− ~
2

2M
∇2Φ +

(
1

2
Mω2

⊥ρ2 +
1

2
Mω2

zz2

)

Φ = EtotΦ, (6.1)

where Φ = Φ(ρ, ϕ, z) is the full wavefunction and Etot is the total energy.
ω⊥ and ωz are the trap frequencies in the radial and z direction, respectively.
Following the reasoning above, we assume a very tight con�nement in the z
direction, forcing all the atoms to reside in the lowest state of this potential.
Since the typical potential energy di�erence in a harmonic oscillator is ~ωz, our
assumption is that ~ωz is much larger than all other energies.

Now we introduce separable variables, so we have Φ(ρ, ϕ, z) = φ(ρ, ϕ)Z(z).
Then we can write

− ~
2

2M

1

φ
∇2

ρ,ϕφ +
1

2
Mω2

⊥ρ2

︸ ︷︷ ︸

E⊥

= Etot +
~

2

2M

1

Z
∇2

zZ − 1

2
Mω2

zz2

︸ ︷︷ ︸

Ez

, (6.2)

the index of the nabla operator indicating the variables with respect to which
it operates. The members named E⊥ and Ez depend on di�erent variables
and hence must be constant and in fact, since each member can be written as a
Schrödinger equation on its own, they correspond to the in-plane and z direction
energies, respectively. We have the simple relation Ez = ~ωz/2 if we assume the
system to be in its z ground state; this merely shifts the zero-point of energy,
and we will in the following ignore it. For E⊥ we have

E⊥ = ~ω⊥(2nr + |m| + 1). (6.3)

The energy depends on the quantum number nr which is the number of radial
nodes, and the angular momentum quantum number m.

Now, let us look at the radial wavefunctions. For the harmonic case, they
can be calculated analytically and are given by

φnm(ρ, ϕ) =

√

2nr!

(nr + |m|)!ρ
|m|L|m|

nr
(ρ)e−ρ2/2a⊥

eimϕ

√
2π

, (6.4)

where L|m|
nr (ρ) are the associated Laguerre polynomials. We have introduced

the oscillator length (in the radial direction) a⊥ =
√

~/Mω⊥. Throughout this
work, we will restrict ourselves to the case of no radial nodes, nr = 0, and non-
negative angular momenta, m ≥ 0. This is the so-called lowest Landau level
(LLL) approximation and it can be justi�ed in the following way. Consider
Eq. (6.3). In a non-interacting system of N particles, we get the total energy as
a sum of the single-particle energies,

EN = ~ω⊥

N∑

i=1

(2ni + |mi| + 1) = ~ω⊥

(

N +

N∑

i=1

(2ni + |mi|)
)

. (6.5)
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For a given total angular momentum L =
∑

mi (i.e. for a system under rota-
tion), the energy is minimized if all ni = 0, and m is non-negative. The lowest
Landau level approximation is thus justi�ed for an interacting system if the
typical interaction strength is much smaller than the oscillator energy ~ω⊥, so
that the interaction cannot mix in higher Landau levels.

In LLL, the wavefunctions (ignoring the z degree of freedom) are

φm(ρ, ϕ) =

√

2

|m|!a2
⊥

(
ρ

a⊥

)|m|

e−ρ2/2a2

⊥

eimϕ

√
2π

. (6.6)

The radial and azimuthal parts have been normalized separately. Note that the
state which has zero angular momentum is simply a Gaussian, as it should be.

The lowest Landau level wavefunctions can be written on the form of Eq.
(5.27), and hence have non-zero circulation (except the case m = 0). A vortex
solution is characterized by two things: a vanishing density at some point in
space, and a non-zero circulation of the velocity �eld as you enclose the point
of zero density. In �detecting� these states in our simulations there are some
subtleties, however. First of all, once you have the full many-body wavefunction
it is not evident how to de�ne the super�uid velocity since you no longer have
an over-all phase. However, we can learn from mean-�eld: if we have a state
which has a high occupancy of, say, the m = 2 state, and all other occupancies
are small, then we conclude that we have a doubly quantized vortex (winding
number 2). These conclusions can be further strengthened by looking at the
densities and pair correlations. These should of course be vanishing at the
center, for a doubly quantized vortex.

Now let us go on to the interacting system. Our full many-particle Hamil-
tonian, in coordinate space, is

Ĥ =

N∑

i=1

(
p̂2

i

2M
+ V̂ (ri)

)

+
U0

2

∑

i,j;i6=j

δ(r̂i − r̂j). (6.7)

For practical calculations where the Hamiltonian matrix in Eq. (4.28) is diago-
nalized numerically on a computer, it is very convenient to write all operators
in second quantization, and to use the Fock representation for the many-body
basis states, Eq. (4.6). We will always work in a basis of eigenstates of the
single-particle part of the Hamiltonian, and in the following we denote those
states |λ〉, with wavefunctions given by Eq. (6.6), 〈r |λ〉 = φλ(r). Thus we write
the Hamiltonian in second quantization,

Ĥ =
∑

λ

ελâ†
λâλ +

U0

2

∑

λµνρ

〈λµ| V̂ |νρ〉 â†
λâ†

µâρâν . (6.8)

In the �rst sum, ελ is the single-particle energy of the state |λ〉. The (quadruple)
sum is the interaction energy and we need to calculate the matrix elements for
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the δ interaction:

Vλµνρ = 〈λµ| v̂ |νρ〉

=

∫∫

dridrjφ
∗
λ(ri)φ

∗
µ(rj)δ(ri − rj)φν(ri)φρ(rj)

=

∫

drφ∗
λ(r)φ∗

µ(r)φν(r)φρ(r). (6.9)

To go on, we can write the eigenfunctions of the harmonic oscillator in LLL as

φλ(ρ, ϕ, z) = fλ(ρ) · eimλϕ

√
2π

· e−z2/2a2

z

(πa2
z)

1/4
, (6.10)

where fλ(ρ) is a real function that can be analytically given if the potential is
purely harmonic; however we will also be interested in situations where it has
to be calculated numerically. With the wavefunctions inserted into the matrix
elements of Eq. (6.9) we �nd

Vλµνρ =
1√

2πaz

· 1

2π
δmλ+mµ,mν+mρ

·
∫

fλ(ρ)fµ(ρ)fν(ρ)fρ(ρ)ρdρ. (6.11)

After some further manipulations (using U0 = 4π~
2as/M), the interaction term

in the Hamiltonian Eq. (6.8) becomes

V̂int =
a2
⊥√

2πaz

as~ω⊥

∑

λµνρ
mλ+mµ=mν+mρ

(∫

fλ(ρ)fµ(ρ)fν(ρ)fρ(ρ)ρdρ

)

â†
λâ†

µâρâν .

(6.12)
In the interaction energy, we see that the z contribution amounts to what can be
thought of as a scaling of the interaction coe�cient: if we replace our interaction
coe�cient by an �e�ective� coe�cient that is actually dependent on az, i.e. the
extension of the cloud in the z direction, then again we are safe thinking about
the problem as two-dimensional.

The coe�cient in front of the sum in Eq. (6.12) can be modi�ed further:
in Paper I we want to compare our results with the mean-�eld calculations of
Refs. [31, 32]. In those, the phase diagram is plotted in terms of the dimension-
less parameter σas = asN/Z, where Z ∼ az is the extension of the atomic cloud
in the z direction. So we rewrite

a2
⊥√

2πaz

as =
a2
⊥√

2πaz

az

N
σas ∼ a2

⊥

N
σas. (6.13)

Note that since we assume the condensate to be in its z direction ground state
which has no angular momentum, we have

〈

L̂
〉

= Lz. Even more important,
since the matrix element Vλµνρ in Eq. (6.11) is zero unless mλ +mµ = mρ +mν ,
the interaction operator V̂ preserves angular momentum, and hence we have the
commutator

[

L̂z, Ĥ
]

= 0 so that our solutions are guaranteed to have de�nite
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(and quantized) total angular momentum. There is an important di�erence here
from the mean-�eld situation: in the mean-�eld calculations, the condensate
wavefunction is a simple product state, and only in particular cases will the GP
solution be an eigenstate of angular momentum. Whereas in the diagonalization
procedure, the resulting wavefunction is a perfectly axially symmetric eigenstate
of angular momentum, which in turn implies that we have to use methods such
as the pair correlation calculation to see its internal structure (see Sec. 4.4).

All those considerations taken into account, we can set up a basis in the low-
est Landau level, calculate the matrix elements 〈αk| Ĥ |αl〉 of our Hamiltonian
in the many-particle basis (see Eq. (4.28)), and then �nd the energy eigenvalue,
and the eigenvectors (which give the full many-body wavefunctions). The diag-
onalization of the sometimes very large matrices is carried out using a Lanczos
algorithm. The subspace of �xed L =

∑
mi gives us a natural truncation as

long as we remain in the lowest Landau level: our basis will not include any
single-particle elements of angular momenta greater than L.

However, we want to study a system that is rotated by an external potential,
and �nd the lowest-energy state of the system for a given external rotational
frequency Ω. This is in fact very easily done as a last step. It is assumed that
the system will equilibrate in the frame rotating with the external frequency,
and thus we need to minimize the energy in the rotating frame, E′. If we
have calculated the energy in the laboratory frame, Elab, for a given angular
momentum, we know from classical mechanics that this is given by

E′ = Elab − LΩ. (6.14)

We see that this can be done after all other calculations (which determine the
eigenenergies Elab) are performed.

So how does a harmonically trapped BEC behave under rotation? Much
is known about this system. I will concentrate on the weakly-interacting limit,
since results from both Papers I and II are valid in this regime. Many references
could be given here, examples are [33, 34, 35]. It has been found, within the
Gross-Pitaevskii approach, that the condensate goes through a series of steps
as follows.

At zero rotational frequency, the condensate forms a symmetric lump with
no angular momentum at the center of the trap. This is the ground state of
the harmonic oscillator potential. For small enough Ω, this remains the lowest-
energy state, until a certain critical frequency of rotation is reached. Then, a
state with one central vortex becomes energetically favorable as compared to the
non-rotating state. The value of the critical frequency depends on the system
parameters, but the angular momentum per particle l = L/N for this state is
always equal to 1 (from now on I will use the words �angular momentum� to
refer also to the quantum numbers of angular momentum, m and L). Then, the
condensate wavefunction is simply given by the φ1 single-particle wavefunction,
given in Eq. (6.6).

As the rotational frequency is further increased to reach a second critical
frequency, the systems jumps to a state with two non-central vortices. The
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angular momentum per particle in this state is l ≈ 1.7. A good approximation
to the condensate wavefunction contains three single-particle wavefunctions:

Ψ0(r) = c0φ0(r) + c2φ2(r) + c4φ4(r), (6.15)

where the c:s are constants [34]. Expressions like these will be useful for com-
parison later, when we identify vortex states in the diagonalization picture.

Higher rotational frequencies introduce new con�gurations of vortices. At
l ≈ 2.1 there is a state with three vortices symmetrically arranged around the
center of the trap, and the number keeps increasing. This sequence of events
has been con�rmed by experiments, see e.g. [18].

For rapid rotation, more and more vortices enter until the structure resembles
a triangular (Abrikosov) lattice [36, 37]. In the purely harmonic trap, there
is a maximum rotational frequency which is set by the oscillator frequency:
when the extermal rotation frequency becomes equal to the trap frequency, the
condensate is no longer con�ned and the atoms will �y apart. So reaching the
high-rotation limit in this setup requires minute experimental control. This is
one of the reasons why anharmonic trapping potentials are interesting.

Apart from the structure of vortices, one is also interested in the disper-
sion relation E(L). For investigations of energy relations the diagonalization
method is extra informative, since it gives the full energy spectrum and not
only the lowest-energy state. Bertsch and Papenbrock [38] discovered that for a
weakly repulsive condensate in a harmonic trap, in the low angular momentum
region (2 ≤ L ≤ N), the dependence of the interaction energy on the angular
momentum follows a linear relation:

Eint ∝
N(2N − L − 2)

2
. (6.16)

This remarkable result was found to be true to machine precision. (Remember
that in the harmonic case and lowest Landau level, the radial energy is simply
E⊥ = ~ω⊥(N + L) + Eint, so one can conveniently study the interaction energy
separately).

6.2 Rotating Bose-Einstein Condensates Con�ned
in an Anharmonic Potential

The a priori motivation for studying the anharmonic potential is to reach the
fast-rotating limit, and there are (at least) two reasons why this limit is inter-
esting. First, there is the analogy to quantum Hall liquids: a two-dimensional
fermion gas in a strong magnetic �eld will also be appropriately described
by a lowest Landau level approximation (for more information on this, see
e.g. Ref. [19]). And second, there is the question of what happens when the
vortex lattice breaks down. We know that more and more vortices will enter
the condensate as the rotation increases, so that the vortex lattice will become
more and more dense. But we do not know what happens when the vortex
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cores start to overlap. There is the interesting analogy to type II superconduc-
tors here: in those, there is again a vortex lattice (in the magnetic �eld) but
this time the solution to what happens when the cores start to overlap is simple:
the conductor becomes normal, instead of superconducting.

But as we shall see, the fact that the trapping potential is anharmonic also
has consequences for slowly rotating systems. This can in fact be understood
rather easily by considering a simple model of a non-interacting system. The
key is that the anharmonic potential breaks the very high degree of degeneracy
that comes with the pure harmonic oscillator.

We start from the Schrödinger equation Eq. (6.1), but we change the poten-
tial in the radial direction by adding an anharmonic perturbation,

∆V (ρ) =
λ

2
Mω2

⊥

ρ4

a2
⊥

, (6.17)

where we have introduced a dimensionless parameter λ ≪ 1 which determines
the strength of the anharmonicity. Now the �rst-order LLL perturbative calcu-
lation gives the energy

E⊥ = ~ω⊥

(

|m| + 1 +
λ

2
(|m| + 1)(|m| + 2)

)

. (6.18)

There is a very important di�erence between Eqs. (6.3) and (6.18): the �rst
is linear in the single-particle angular momentum, whereas for an anharmonic
potential the energy rises quadratically with m. Actually, it can be shown [20, 21]
that this is a general feature of potentials that are steeper than harmonic. This
di�erence in energy dependence of angular momentum indeed has deep-going
consequences for the behaviour of the system, as will be explained shortly.

The only quantum number that enters in the LLL approximation is of course
the quantum number for the single-particle angular momentum, m. When dis-
cussing many-particle states we will use the Fock notation introduced in Sec. 4.1.
Then, the occupation numbers of states with zero, one, two units of angular mo-
mentum are written as |nφ0

nφ1
nφ2

...〉 and so on. Now consider a system of a
given number of particles N and total angular momentum L~. In the harmonic
case it does not matter which single-particle state each particle occupies; the
total energy is always N + L in units of ~ω⊥, no matter how we distribute the
particles among our single-particle states with di�erent values of m. For ex-
ample, the state |2 0 0 1〉 has the same energy as |0 3 0 0〉, namely 6~ω⊥. This
re�ects the very high degeneracy of the two-dimensional harmonic oscillator.

If the energy follows Eq. (6.18), however, the situation is completely di�erent.
The state |2 0 0 1〉 now has an energy of 6 + 10λ (dropping the ~ω⊥), whereas
the energy of the state |0 3 0 0〉 is 6 + 9λ, i.e. slightly lower. This is a general
feature of the anharmonic oscillator: it is always energetically favorable to have
as low as possible single-particle momenta. (For a wider discussion of �partition
space�, see [42]).

Let us discuss some general features of the phase diagram in an anhar-
monic potential. Several authors have made important contributions to this
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Figure 6.1: Phase diagram, calculated within a Gross-Pitaevskii scheme, of
a weakly repulsive Bose gas in an anharmonic potential with λ = 0.05. For
given interaction strength σas and rotational frequency Ω/ω, the structure of
the lowest-energy state is indicated. In the upper left corner, vortices of single
quantization are favored. For small σas, we get vortices of multiple quantization.
In the intermediate region, there are vortices of multiple and single quantization
co-existing in the condensate. From [31].

understanding, e.g. [20, 21, 31]. There are two energy scales competing: the
single-particle energy, which strives to keep the atoms in the lowest state of the
harmonic oscillator, and the interaction energy, which tries to keep the particles
as far apart as possible (for repulsive interactions). In the anharmonic poten-
tial, the �rst of these, for given total angular momentum, favors the creation of
multiply quantized vortices as discussed above. However, if the repulsion among
the atoms is strong enough, it will win over the trap energy, and the situation
will be similar to the harmonic potential. There is also an intermediate region,
where the system tries to balance the two.

An explicitly calculated phase diagram taken from Ref. [31] is shown in
Fig. 6.1. We see that for large enough σas (i.e. large enough repulsion, Eq. (6.13)),
we get singly quantized vortices, as in the harmonic case. But for weaker re-
pulsion, states of multiple quantization will be the stable con�guration. The
faster the external rotation, the larger the winding number of the vortex. We
also see that the regions of multiple quantization �lean to the left�. This e�ect
is understood: in a rotating condensate, the atoms are on average farther apart.
So when the interaction energy becomes more important, the critical frequency
for rotation is smaller. In the intermediate region (upper right corner of the
diagram), the lowest-energy states will have a multiply quantized vortices at
the center, surrounded by vortices of single quantization.

For attractive condensates, σas < 0, the phase diagram has some features in
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Figure 6.2: Phase diagram of an attractive Bose gas under rotation in an an-
harmonic potential. In this �gure, λ = 0.05 and to the left of the vertical line,
the system is non-rotating. For weak enough interaction, there is the multiply-
quantized vortex phase. For stronger interactions, the system prefers to contain
the angular momentum in center-of-mass rotation, since this minimizes the in-
teraction energy. Finally, if the interactions are even stronger, the attractive
forces destabilize the system. From [32].

common with the repulsive case, but there are also important di�erences. Figure
6.2 shows a phase diagram for a range of σas, calculated within a mean-�eld
approximation in Ref. [32], with λ = 0.05. We can distinguish three di�erent
phases.

For weak enough interactions, the multiply quantized vortex states are en-
ergetically favorable. This is interesting: in a harmonically-trapped attractive
condensate, vortex states are never energetically stable [39]. Instead, the system
prefers to put the angular momentum into center-of-mass rotation [40, 41]. The
atoms form a cloud that is displaced from the center of the trap, and rotates
as a solid body. If increasing angular momentum is transferred to the cloud,
this is also taken up by the center-of-mass motion, and the interaction energy
does not change because the cloud's internal structure remains the same. This
phase appears also in the anharmonic potential as we see from Fig. 6.2, but it
requires stronger interactions. Finally, the �gure shows the expected result for
su�ciently strong interactions: the condensate becomes unstable to collapse.

For later reference and comparisons with our results, we also show in Figs. 6.3
and 6.4 the phase diagram, adapted from Refs. [31, 32], in the relevant parameter
range for the diagonlization calculations. Note the dotted line that marks the
boundary for center-of-mass rotation in Fig. 6.4. This is only an upper bound;
it was calculated as the boundary where the center-of-mass phase is lower in
energy than the multiply quantized vortex phases, but one must keep in mind
that there are other states that have a lower energy than any of these two.
These are termed �mixed� in the diagram, since they contain features of both
the vortex and center-of-mass states.

In Paper I we used the method of diagonalization to investigate a weakly
interacting Bose gas in an anharmonic trap under slow rotation. Results were
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Figure 6.3: Phase diagram of a weakly repulsive Bose gas in an anharmonic
potential, adapted from [31] so that results can be compared to diagonalization
calculations. The regions m = 1, 2, 3 show where the multiply quantized vortices
are expected to be energetically favorable.

qualitatively and quantitatively compared with the Gross-Pitaevskii results of
Refs. [31, 32]. The diagonalization results generally con�rm previously what
was previously known, but the study is not super�uous. Rather the two ap-
proaches are complimentary. The GP approach replaces the inter-particle inter-
actions with the interactions of a �condensate wavefunction� with an interaction
potential. The diagonalization approach does not su�er from this mean-�eld
approximation, but on the other hand one is restricted to systems of very few
particles - up to 20 in Paper I. Furthermore, the mean-�eld approach does poorly
for an attractive condensate, which particularly motivates our study. This is a
reason why the diagonalization method is especially well-suited for the study
of attractive condensates: the correlations in these are poorly reproduced by a
single order parameter. In fact, there is an analytical expression [40] for the
wavefunction in the center-of-mass rotation phase, which is very di�erent from
the simple product function that is assumed in the Gross-Pitaevskii approach.

However, one needs to be careful. Systems with a �nite number of particles
show some features not present in the limit of very large particle numbers.
Sometimes this can obscure underlying structures, and therefore it is important
to identify which properties are a consequence of the �nite particle number, and
which will still be present in a very large system. A straight-forward approach
is to make the same calculations for di�erent particle numbers, which has been
done in Paper I.

The setup is the following. We have a system of a few bosons (5-20) in
a harmonic-plus-quartic potential, with contact interactions. The degree of
anharmonicity is given by a parameter λ, de�ned in Eq. (6.17), and in our
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Figure 6.4: Phase diagram of a weakly attractive Bose gas in an anharmonic
potential, adapted from [32] so that results can be compared to diagonalization
calculations. To the left of the vertical line, the gas is non-rotating. The upper
lobes are where multiply quantized vortices are lowest in energy. The area
where the center-of-mass phase is lower in energy than the multiply quantized
is marked c.o.m., and in between the system tries to balance between center-of-
mass rotation and vortices, and we name this phase �mixed�.
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Figure 6.5: Angular momentum of lowest-energy state as function of rotational
frequency, for a condensate in a harmonic trap (left panel), and a condensate
in a harmonic-plus-quartic trap (right panel). In both graphs N = 16 and
σas = 0.03. Note that the scale for the rotational frequency is di�erent in the
two system; the critical velocity for rotation is greater than 1 in the anharmonic
condensate, for this given set of parameters.

calculations we take this to be λ = 0.005. It was shown within the GP scheme
in Ref. [31] that the exact value of this parameter does not change the results,
as long as we have λ ≪ 1. For simplicity, we set M = 1 and measure energies
in units of ~ω⊥ and lengths in units of the oscillator length a⊥.

As a basis we use Fock states, where the single-particle wavefunctions, corre-
sponding to the single-particle Hamiltonian, have to be calculated numerically
when the con�nement is anharmonic. In Paper I this is done using the Numerov-
shooting method.

The Hamiltonian Eq. (1) in Paper I was diagonalized for di�erent values of
σas in order to map out the phase diagram, and di�erent particle numbers N
so that �nite-size e�ect could be identi�ed. We calculated eigenenergies and
eigenfunctions for a range of angular momenta L, and since Eq. (1) in Paper I
gives the energy in the laboratory frame, we subtract LΩ to �nd the lowest
energy of the system in the co-rotating frame for a given rotation frequency Ω.
Thus we �nd the mechanically stable states.

Let us start by examining Fig. 6.5. This shows the total angular momentum
L as a function of rotational frequency Ω, measured in units of the trap frequency
ω⊥, for a condensate in a harmonic trap (left panel), and a condensate in a
harmonic-plus-quartic trap (right panel). The particle number is in both cases
N = 16 and σas = 0.03. We see that even though there are plateaus in both
graphs, apart from the �rst one they occur at di�erent angular momenta. The
harmonic case shows stable states for l = L/N ≈ 1, 1.7, 2.2... corresponding to
states with 1, 2 and 3 vortices respectively. In the anharmonic case, there are
plateaus for L = 16, 32, 48 (l only takes on integer values). These are expected
to be the multiply quantized vortices.
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Figure 6.6: Pair correlation pro�les for harmonic trap (left column) and
harmonic-plus-quartic trap (right column); the states shown are the �rst three
mechanically stable for each system and their angular momenta are given in the
�gure. The interaction strength is given by σas = 0.03, the spatial extension is
from −4a⊥ to 4a⊥ and the reference point is located at 1.0a⊥.

In Paper I we analyzed the occupation numbers, to identify the vortex states,
see Figs. 3 and 4 in that paper. Here we also show the density that results from
our calculations - or pair correlations Eq. (4.41), as discussed in Sec. 4.4. In
all pair correlation plots, the spatial extension is from −4a⊥ to 4a⊥ and the
reference point is located at 1.0a⊥.

The di�erence between the harmonic and slightly anharmonic trap is drastic.
Figure 6.6 shows the �rst three mechanically stable states in the two traps,
harmonic to the left and anharmonic to the right. It is clear that in the harmonic
trap, singly quantized vortices are always preferred, in sharp contrast to the
slightly anharmonic trap which favors multiply quantized vortices.

These results were for very weak interaction. As the strength of the interac-
tion becomes larger, increasing σas, things change as expected: singly quantized
vortices appear. Figure 6.7 shows the angular momentum as a function of ro-
tational frequency for σas = 0.12. New plateaus have appeared in this �gure,
as compared to the right panel of Fig. 6.6, at L = 30 and L = 45. The pair
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Figure 6.7: Angular momentum of lowest-energy state as function of rotational
frequency for 16 anharmonically trapped atoms with σas = 0.12. Compared to
the right panel i Fig. 6.6, we see that there are plateaus also for L = 30 and
L = 45. The pair correlation functions of those states are shown in Fig. 6.8.

correlation for these states show that they correspond to two and three singly
quantized vortices, respectively. In Fig. 6.8, these functions are shown together
with the doubly and triply quantized vortices that are always energetically fa-
vorable for weaker interaction. There are some interesting similarities here to
Fig. 4 of Ref. [43], and the reason for this is further elaborated in that paper.

Now let us move on to attractive condensates, σas < 0. Again, we could show
that the mechanically stable states for weak enough interaction are successive
states with vortices of multiple quantization. However, as can be seen from
Fig. 6.9, there are no longer discrete jumps between them, but the transition
is continuous. There are still plateaus for the multiply quantized vortices, but
the stronger the interactions (increasing |σas|), the narrower these plateaus
become. This agrees well with the phase diagram of Fig. 6.4: the plateaus again
correspond to multiply quantized vortices, which are expected to be stable in
lobe-shaped areas.

There is an interesting consequence of the shape of the dispersion rela-
tion: persistent currents are not supported in a weakly attractive Bose gas.
Metastable persistent currents, according to Leggett [29], can be explained by
there being an energy barrier between the rotating and non-rotating states.
This energy barrier would show up as a jump in the L(Ω) graph of Fig. 6.9; in
fact, Leggett argues that a necessary and su�cient condition for the existence of
meta-stable super�ow is that L(Ω) is discontinuous. Any discrete jumps being
absent, we conclude that the attractive condensate does not support persistent
currents, in agreement with previous suggestions [29].

Increasing the interaction magnitude again, we also �nd the center-of-mass
rotation phase. This has been studied for the harmonic trap by several authors,
and again we draw conclusions from the occupancies: there is an analytical
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Figure 6.8: Pair correlation functions for two systems that di�er in the interac-
tion strength. In the upper row, σas = 0.12, while in the lower row σas = 0.03.
The angular momenta and rotation frequencies are given in the �gure. We see
that for stronger interactions, we no longer get a doubly quantized vortex, but
instead two that are singly quantized (left column), or a triply quantized vortex
that is split into three singly quantized vortices (right column).

Figure 6.9: Angular momentum of lowest-energy state as function of rotational
frequency, for an attractive condensate in a weakly anharmonic trap. There are
plateaus where the multiply quantized vortices occur, but the function L(Ω) is
all the way continuous. We see that in the left panel, where σas = −0.002,
the plateaus are slightly wider than in the right panel, where σas = −0.004.
Compare this to the phase diagram in Fig. 6.4. The fact that there are still
small steps between the plateaus is a �nite-size e�ect: the calculation is done
for 16 atoms.
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expression for the occupancies nm(N, L) in the case of center-of-mass rotation:

nm(N,L) =
(N − 1)L−mL!

NL(L − m)!m!
.

This was derived by Wilkin, Gunn, and Smith [40], and our results match these
almost perfectly, as can be seen from Fig. 10 in Paper I.

In the region between the center-of-mass and the multiply quantized vortex
phases, the system enters a state that we term �mixed�, since it contains fea-
tures both of the center-of-mass rotation phase, and of the vortex phase. In
general, there are occupancies of several single-particle states, and there is no
clear dependence on the particle number. We had a similar phase in the re-
pulsive case, but here the �mixing� was between multiply quantized and singly
quantized states. The transition from the mixed phase to either the vortex or
the center-of-mass rotation phase is continuous, and it is di�cult to map out a
boundary between the two.

6.3 Mixtures of Bose Gases Under Rotation
The alkali atoms, frequently employed in BEC experiments, exist in di�erent
hyper�ne spin states, which can be trapped one at the time (as is assumed in
the previous section) or several in the same trap. One can furthermore control
the hyper�ne spin interaction, or even exclude it completely. When trying to
understand these systems from the theory point of view, it is worthwile to start
with the simplest case of two components without spin interaction, may these be
two di�erent hyper�ne spin states of the same atom, or two di�erent atoms. We
will in the following label them as A and B, consisting of NA and NB particles,
respectively. It is interesting to note that the �rst vortex in a BEC was created
in a two-component system [16] via a phase-imprinting technique. This was
dubbed a coreless vortex, since in such a state the total density of the gas lacks
a density minimum (core), but in studying the densities of the two components
separately it becomes clear that one component has a central vortex, and the
other �lls its core.

Many authors have investigated the structure and stability of the coreless
vortices, see e.g. the review [44] and references therein. This review, along
with several other papers, considers the two-component system in a pseudo-
spin representation. A state where there is a vortex around the center of the
trap in one component, while the other component sits still at the center of
this vortex, is then called a skyrmion, and can occur when NA 6= NB . When
instead NA = NB , there is a di�erent structure appearing, sometimes called
a meron. In this case, each component forms an o�-center vortex, along with
an opposite, o�-center density maximum; each component's density maximum
coinciding with the other's minimum. There are also other, more complicated
structures that we will not go into, since they are not immediately relevant
for our studies. The two already mentioned will appear in our calculations for
Paper II as we shall see later. However, in our publications we have avoided the
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pseudo-spin terminology, in order not to complicate the discussions and obscure
the physical observables.

In the limit of rapid rotation, and at least when NA = NB , the two-
component system will form a vortex lattice just as in the single-component
case. However, when just one component is present, we know that this lat-
tice will be the triangular Abrikosov lattice. For the two-component case, the
situation is more complicated and the resulting lattice structure depends sig-
ni�cantly on the inter-component interaction [45] and the rotational frequency
[46]. In a two-component condensate, we have three di�erent scattering lengths:
for scattering of equivalent atoms we have aAA and aBB , and between the two
components we have aAB . For aAA = aBB = aAB > 0, we will have a con-
�guration of two square lattices, one in each component, with the cores of the
one coinciding with the density maxima of the other. Reference [23] studied
a similar situation experimentally, and indeed, at least for NA ≈ NB , seem to
have found the previous statement to be accurate.

We already see that as a second component is introduced, there turns up
a whole new range of parameters that can be varied. However, we are not
interested in exploring every possible phase for every possible parameter combi-
nation, but rather to �nd some general features of the phase diagram and to see
whether there are important di�erences as compared to the single-component
system. Therefore, we will restrict ourselves to a special case and only brie�y
discuss deviations from this. So we will set all scattering lengths to be equal,
aAA = aBB = aAB = as, and study a repulsive contact interaction as > 0. This
is not as far from the experimental situation as one might think: in fact, for
87Rb the relation between the scattering lengths of the hyper�ne spin states in
question, aAA : aAB : aBB , is 1.03 : 1 : 0.97, while for 23Na we have 1 : 1 : 0.96
[44]. In our calculations, the populations in the two components are of the same
order, NA ∼ NB , but in general not equal, NA 6= NB . The masses of the two
components will however be set equal, MA = MB .

In Paper II we perform a diagonalization for a two-component condensate in
a harmonic trap. This brings some important new features to the allowed wave-
functions: any many-body wavefunction must be symmetric under interchange
of two A (or two B) particles, but there is no restriction under interchange of
an A particle with a B one. Before going into the details of the diagonalization
procedure, let us brie�y discuss the problem from a Gross-Pitaevskii point of
view.

The two-component generalization of the product wavefunction Eq. (5.4) is

ΦNA+NB
(r1, ..., rNA

; r′1, ..., r
′
NB

) =

NA∏

i=1

φA(ri)

NB∏

j=1

φB(r′j). (6.19)

We can calculate the expectation value of the energy in this state in a similar
way that we did in Sec. 5.4, and the part that we need to be careful about is
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the interaction energy. With Uij = 4π~
2aij/M , this becomes

Eint = UAA
NA(NA − 1)

2

∫

dr |φA(r)|4 + UBB
NB(NB − 1)

2

∫

dr |φB(r)|4 +

+UABNANB

∫

dr |φA(r)|2 |φB(r)|2 . (6.20)

The important thing to note is the absence of the factor 1/2 in the last term,
which arises from the distinguishability of the particles of di�erent species. We
can continue, following the procedure of Sec. 5.4: introduce condensate wave-
functions, take the expectation value of the energy as a functional of these two
functions, and minimize the energy with respect to variations in their complex
conjugates under the constraint that the particle numbers NA and NB are con-
served. What we then get is two coupled Gross-Pitaevskii-like equations for the
order parameters ΨA and ΨB :

(

− ~
2

2m
∇2 + V + UAB |ΨB |2

)

ΨA + UAA |ΨA|2 ΨA = µAΨA,

(

− ~
2

2m
∇2 + V + UAB |ΨA|2

)

ΨB + UBB |ΨB |2 ΨB = µBΨB . (6.21)

If we examine the quantity within parentheses, we see that the density of one
component acts as an external potential on the other. This will be important
for our understanding of the results, as we shall see.

Now we move on to the diagonalization approach. With a total number of
particles N = NA +NB , our many-particle basis will be a tensor product of the
bases for each species,

|N〉 = |NA〉 ⊗ |NB〉 . (6.22)
We further require that our many-body states are simultaneous eigenstates of
the number operators for each component, N̂A and N̂B , and of the total angu-
lar momentum operator L̂: the two components are free to share the angular
momentum between each other, but there is no interaction that can turn an A
atom into a B one. Finally we assume that the interactions are weak so we can
remain in the LLL approximation.

Before considering rotation, one should understand the ground state of the
non-rotating system. For a repulsive two-component gas, this is a non-trivial
problem, since the two components might separate in space. It is often men-
tioned [1] that for a homogeneos gas without rotation, the two components will
separate unless √

aAAaBB > aAB . (6.23)
This, however, is derived within the Thomas-Fermi approximation, which as-
sumes the interactions to be strong. In the lowest Landau level (weak interac-
tions), there cannot be phase separation without rotation, since for zero angular
momentum the ground state of the system is that in which both components
reside in the lowest harmonic oscillator eigenstate.
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Figure 6.10: Angular momentum as a function of rotational frequency for dif-
ferent systems with a total of 16 atoms; the actual populations are given in
the legend. Note that the discrete jump that occurs at L = N for the single-
component system, is completely gone when NA = NB .
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Figure 6.11: Pair correlation functions for the states on the plateaus of Fig. 6.10
for the condensate with NA = 4 (con�gurations in lower row) and NB = 12
(con�gurations in upper row). The angular momentum is, from left to right,
L = 1, 2, 3, 4 and 12. The last two columns show coreless vortices, �rst in the
smaller A component, then in the larger B component.

After diagonalization for �xed L, NA, and NB , we get the energy spec-
trum and many-body wavefunctions of the system. By minimizing the energy
in the rotating frame we �nd the lowest-energy state for a given rotational fre-
quency Ω/ω⊥. In Fig. 6.10 we show the angular momentum of the system as
a function of rotational frequency for the single-component case, and for the
two-component system with NA = 4 and NB = 12, and the system with equal
populations, NA = NB = 8. The total number of atoms is always N = 16.
We see that the three relations are very di�erent: the single-component case
always involves discrete jumps as we already know, whereas there is an in part
continuous curve (in the limit of large particle number) for the two-component
case. According to the arguments concerning the possibility for meta-stability of
supercurrents, the lack of an energy barrier when NA = NB hints that there will
be no meta-stable persistent currents in the two-component system. The sys-
tem can lose its angular momentum little by little, moving on to an energetically
stable state with lower energy.

So what do the states on the steps in Fig. 6.10 look like? We start with
the case NA < NB , where there is still a discontinuity in the function L(Ω).
In Fig. 6.11 we plot pair correlations for the mentioned con�guration for var-
ious values of the angular momentum. The smaller A component will start
to deform and rotate, and will assume a vortex state at L = NA. Since the
two components are free to share the angular momentum as it suits them, this
means component A has taken up all angular momentum, and component B
must be non-rotating The B species �lls the core of the A component vortex,
and hence, this is a coreless vortex. For further increase in rotation speed, at
a given rotation, the system jumps to a state where instead the B component
has a singly quantized, centered vortex, and the smaller A component sits still
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Figure 6.12: Vortex entering cloud when NA = NB = 8. Pair correlation plots
for L = 1, ..., 8.

at the center. This happens, unsurprisingly, at L = NB , and corresponds to a
second singly quantized, coreless vortex in the system.

For higher rotational speeds, the situation becomes increasingly complex.
The situation is clari�ed in Ref. [43], where we also explain that multiply quan-
tized vortices are mechanically stable in the two-component system, but that
they occur as coreless vortices, i.e., in only one of the two components. The
existence of multiply quantized vortices can be understood in relation to Paper
I. In fact, if all angular momentum is carried by, say, the B component, then the
order parameter for component A will be a pure Gaussian. Thus, the e�ective
potential that is felt by component B is anharmonic, which can be seen from an
expansion of the Gaussian. This is a nice feature that connects the otherwise
di�erent systems in the two papers.

For equal populations the situation is di�erent: since the two components
now are exactly equivalent, they will not form unit vortices at L = NA = NB

(how could the system chose which component to rotate around the other?).
Instead, there are traces of one vortex in each component, displaced from the
center of the trap, and there is a density maximum on the opposite side (com-
pare to the previously mentioned merons). The pair correlations are shown
in Fig. 6.12. We interpret these together with the single-particle occupancies,
shown in Fig. 6.13. We see, that since the occupancy of the m = 1 state is
steadily increasing for increasing angular momentum, this corresponds to a vor-
tex entering the cloud.

Some of the above results are not entire new, although they have been pre-
sented di�erently in previous publications. Paper II reveals brand new features
of the two-component system that have not been seen before. In Fig. 6.14 is
shown a plot of the lowest interaction energy as a function of total angular
momentum, for a number of di�erent systems. The total number of parti-
cles is always 16, but the numbers NA and NB vary (see legend). A brief
look immediately hints an energy relation similar to the one of Eq. (6.16), and
indeed we found that there is one. If we write Nmax = max(NA, NB) and
Nmin = min(NA, NB), then we �nd that the lowest energy E(L) has a linear
dependence on L in the region Nmin ≤ L ≤ Nmax. If we measure E(L) in
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Figure 6.13: Single-particle occupancies for the lowest single-particle states as
a function of angular momentum, in a two-component condensate with NA =
NB = 8 (the occupation numbers for each component are of course exactly
equal, since the components are exactly equivalent).

units of the interaction energy for two particles in the oscillator ground state,
v0 = U0

∫
dr |φ0|4 =

√

2/π~ω⊥as/az, then the energy is given by

E(L)/v0 =
1

2
N(N − 1) − 1

4
NminN − 1

4
NL +

1

4
Nmin(Nmin − 1). (6.24)

This was found to be true up to machine precision, and for any composition of
the particle numbers N , NA, and NB .

Less obvious to the eye is the relation that was found for the region 0 ≤ L ≤
Nmin. Here, the energy E0(L) follows a parabola:

E0(L)/v0 =
1

2
N(N − 1) − 1

2
NL +

1

4
L(L − 1). (6.25)

Again, this is found to be true up to machine precision, and for any composition
of the particle numbers N , NA, and NB .

Next, we turn again to the occupation numbers. We have already shown
the equal population case in Fig. 6.13, and you might have noted that only the
m = 0 and m = 1 state have non-zero value of the occupancies. This turns
out to be a general feature of the slowly rotating two-component system. In
Fig. 6.15, we have instead NA = 4 and NB = 12 particles; the upper panel
shows component A, and the lower component B. We immediately see that
the occupancy of the m = 2 state is zero or very close to zero in the region
0 ≤ L ≤ Nmin(= NA). A more careful analysis shows that this is indeed the
case, up to machine precision, and that the same is true for all states with m ≥ 2.
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Figure 6.14: Interaction energies for rotating Bose condensates; each color cor-
responds to a speci�c system with given populations NA and NB , but the total
number of atoms is always 16. The full-drawn lines are given by Eqs. (6.24) and
(6.25).
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Figure 6.15: Single-particle occupation numbers as a function of total angular
momentum for NA = 4 and NB = 12 particles. For 0 ≤ L ≤ Nmin = 4, the
occupancies follow Eq. (6.26).
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This allows us to �nd an exact expression for the remaining occupancies: we
�nd that for each component, the occupancy of the m = 1 state is given by

(NA)m=1 = L
NB − L + 1

N − 2L + 2
,

(NB)m=1 = L
NA − L + 1

N − 2L + 2
. (6.26)

Knowing this and the fact that NA, NB are �xed, the occupancies of the m = 0
state are easily found. These relations are valid for any particle numbers that
we have investigated. Again, the simple structure of the order parameter in
this range of angular momenta can be explained by the e�ective anharmonic
con�nement that one component exerts on the other: in an anharmonic con-
�nement, the energy is minimized if all single-particle momenta are as low as
possible, following the reasoning in Sec. 6.1. Knowing this, it is still a remark-
able fact that the occupancies of states with m ≥ 2 are exactly zero in the
weakly-interacting limit. The consequences at stronger interactions are further
investigated in Ref. [43], to which I refer the interested reader.
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Chapter 7

Conclusion and Outlook

We have studied two systems of rotating Bose gases by diagonalizing the Hamil-
tonian. The �rst paper considered a single-component condensate trapped in an
anharmonic potential, with repulsive or attractive interactions. The second pa-
per investigated a (repulsive) two-component Bose gas in a harmonic potential.
We have found evidence of many interesting states, such as multiply quantized
vortices and coreless vortices. We have also seen that in certain situations, some
quantities are given by exact analytical equations.

There turned out to be an at �rst sight unexpected similarity between the
two systems: in the mixture of two condensates, the density of one component
acts as an external potential on the other component, and under suitable circum-
stances this amounts to one component experiencing an e�ectively anharmonic
potential. The di�erence here is that the anharmonicity arises from the interac-
tion between the two components, and it is thus internal to the system, whereas
in our �rst paper, we considered an anharmonic trapping potential external to
the system.

An obvious extension is to combine the two systems and put a two-component
condensate in an anharmonic con�ning potential. This set-up has many param-
eters to be varied, and one can expect that there will be interesting states for
particular parameter combinations. Tuning the parameters right, one might be
able to �engineer� the system to take any desired state.

However, there is a multitude of other systems for which diagonalization
of the Hamiltonian could be applied. We have learned that even though the
system size in some sense must be small (small particle numbers, restricted
number of dimensions etc.), conclusions can be drawn that are relevant also
for larger systems. The same could very well be true for completely di�erent
systems, and this could be interesting to investigate in the near future.
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